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Abstract

We describe new, efficient algorithms for layout modification and phase assignment
for dark field alternating-type phase-shifting masks in the single-exposure regime. We
make the following contributions. First, we suggest new 2-coloring and compaction
approach that simultaneously optimizes layout and phase assignment which is based
on planar embedding of an associated conflict graph. We also describe additional ap-
proaches to co-optimization of layout and phase assignment for alternating PSM. Second,
we give optimal and fast algorithms to minimize the number of phase conflicts that must
be removed to ensure 2-colorability of the conflict graph. We reduce this problem to
the T-join problem which asks for a minimum weight edge set A such that a node u is
incident to an odd number of edges of A iff u belongs to a given node subset T of a
weighted graph. Third, we suggest several practical algorithms for the T-join problem.
In sparse graphs, our algorithms are faster than previously known methods. Computa-
tional experience with industrial VLSI layout benchmarks shows the advantages of the
new algorithms.

1 Introduction

Phase-shifting mask (PSM) technology enables the clear regions of a mask to transmit light
with prescribed phase shift. Consider two adjacent clear regions with small separation, and
respective phase shifts of 0 and 180 degrees. Light diffracted into the nominally dark region
between the clear regions will interfere destructively; the improved image contrast leads to
better resolution and depth of focus. All PSM variants employ this basic concept, which
was proposed by Levenson et al. [13] in 1982 (see Figure 1). Along with optical proximity

correction, PSM is enabling to the subwavelength optical lithography upon which the next
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several process generations depend. Our work, like that of Moniwa et al. [15, 16] and Ooi
et al. [18, 19], pertains to the dark field, alternating (or Levenson-type) phase-shifting mask
technology with negative photoresist. It also matches very well with the requirements (in the
positive photoresist technology regime) of damascene metalization, e.g., inlaid copper local

interconnects. In particular, we seek methods compatible with single-ezposure alternating

PSM.
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Figure 1: Comparison of diffraction optics of conventional and phase-shifting masks. E
denotes electric field and I denotes intensity. With the conventional mask (a) light diffracted
by two adjacent apertures constructively interferes, increasing the light intensity in the dark
area of the wafer between the apertures. With the phase-shifting mask (b), the phase shifter
reverses the sign of the electric field, and destructive interference minimizes light intensity
at the wafer in the dark area between apertures.

As in previous work [18], we use the positive constants b < B to define a simplified
relationship between printability and the distance between two clear regions. The distance
between any two features cannot be smaller than b without violating the minimum spacing
design rule. If the distance between two features is at least b but smaller than B, the features

are in phase conflict.! Phase conflict can be resolved by assigning opposite phases to the

"More precisely, two features are in phase conflict if (i) there is no pair of points, one from each feature,



conflicting features. In other words, B defines the minimum spacing rule when two features
have the same phase. If the distance between two features is greater than or equal to B,
there is no phase conflict and the features can be assigned arbitrary phases. Note that the
values of b and B are layer-dependent. We also let w > b denote the minimum allowed width
of any feature on the layer of interest. Finally, we assume that all features are rectilinearly

oriented (all edges axis-parallel) polygons.

The Phase Assignment Problem: Given a layout, assign phases to all features such
that no two conflicting features are assigned the same phase.

In this paper, we develop solutions to the problem of creating a phase-assignable layout.
As described in the next two sections, this fundamentally corresponds to ensuring that there
are no odd cycles in a so-called phase conflict graph that is derived from the layout. When
there are odd cycles, the layout must be perturbed so as to “break” all odd cycles; this is the
problem of optimal phase conflict resolution. Our paper focuses on minimum-cost breaking
of all odd cycles in the conflict graph; this is the key problem in PSM layout design.

Today, PSM is applied only to “critical poly”, i.e., transistor gates, to achieve smaller
channel lengths and improved control of critical dimensions. For the “full chip” PSM that
appears likely in the 150nm generation and beyond, our new optimal algorithms for phase
conflict resolution are readily applicable. For bright-field PSM - i.e., the poly layer — our
T-join based solution in Section 4 applies with small modifications that are beyond the scope
of our discussion. For dark-field PSM — i.e., damascene local metal layers — our T-join based
solution directly applies. For simplicity and clarity, our discussion will concentrate on the
dark-field context.

The rest of the paper is organized as follows. In the next section, we construct a conflict
graph in which the Phase Assignment Problem is reduced to node bicoloring. Section 3
then discusses previously known and new methods of design modification which ensure
bicolorability of the associated conflict graph. In Section 4 we reduce the Phase Assignment
Problem to the Minimum Perturbation Problem in the conflict graph and to the T-join

problem on the dual graph of the conflict graph. We also argue that the existing methods of

whose separation is less than b; and (ii) there is some pair of points, one from each feature, whose separation
is less than B.



solving the T-join problem are impractical. In Section 5, we present new fast and practical
algorithms for solving the T-join problem. These algorithms are based on reduction of the
T'-join problem to the Minimum-Weight Perfect Matching problem via gadgets. Section 6 is
devoted to several previously known and new approximation methods for solving the T-join
problem. Finally, in Section 7 we discuss results of implementation of the previously known

and new methods of phase assignment.

2 Construction and Planar Embedding of the Conflict Graph

We now show how to construct a conflict graph corresponding to a given layout, such that
the assignment of phases to features corresponds to the coloring of nodes of the conflict
graph. We also describe a planar embedding of the conflict graph. For a given layout of
polygonal features, the conflict graph G = (V, E) is constructed by defining a node for each
feature, and introducing an edge between two nodes exactly when the corresponding features
are in phase conflict. The conflict graph can be constructed in O(nlogn) time, where n
is the total number of segments in all polygon boundaries. We implement the following

construction.

e Slice each feature (polygon) into rectangles by vertical cuts through all polygon nodes,?

maintaining a pointer from each rectangle to its containing polygon.
e Bloat each rectangle by distance B/2.

e Using sweepline and interval tree, detect conflicts between polygons by finding over-

lapping pairs of rectangles that belong to different polygouns.

Alternatively, one may detect intersections of bounding bozes of polygons, then check whether
the corresponding polygons actually intersect.
In alternating PSM, we can remove all phase conflicts by assigning opposite phases to

each pair of adjacent nodes in the conflict graph G. This is equivalent to 2-coloring the nodes

2 Although the slicing is not strictly necessary, it greatly simplifies the construction as well as the planar
embedding of the conflict graph. In fact, if slicing were not be performed in advance, the conflict graph
construction and sorting of neighbors would implicitly include some procedure equivalent (at least in runtime)
to slicing.



of G with phase 0 and phase 180. For this to be possible, G must be bipartite, i.e., have
no odd cycles. Hence, if the conflict graph G is not bipartite, our goal is to delete enough
edges such that no odd cycles exist in the remaining modified conflict graph. Edge deletion
in the conflict graph is achieved by changing the placement of layout features so that they
no longer conflict. Thus, with alternating PSM technology we see that manufacturability
creates highly non-obvious, non-local constraints on the layout. Efficient algorithms that
we give below for removing odd cycles depend on planarity of G, an assumption that was
justified in [12]. In general, the conflict graph computed as described above may contain
non-planar local configurations like the one in Fig. 2(a). Using the process simulation
tool Nanosurfer available from Numerical Technologies, Inc, we have confirmed that di-
agonal conflicts effectively do not exist because of interference effects. Therefore, to our
understanding the deletion of intersecting diagonals from the conflict graph (using the O(n)

procedure described below) will not compromise the effectiveness of the resulting PSM.
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Figure 2: (a) We assume that there are no conflicts between diagonal pairs (dashed edges)
in a set of four features if at least three other conflicts exist. (b) The subdivision of edges
of the conflict graph. (c) There is no conflict between the left feature and the right feature
because B < 2b.

Theorem 2.1 Assume that (i) 2b > B and (ii) four rectangles which are pairwise (with the
possible exception of one pair) in conflict do not have diagonal conflicts (see Figure 2(a)).

Then, the conflict graph G is planar.

Proof. For each feature, locate a representative node arbitrarily within the feature. For
any two features in conflict, choose a pair of closest points on their boundaries and connect

each of these points to the other and to the representative node of its own respective feature



(see Figure 2(b)). In other words, each conflict edge is subdivided into two connections
inside features and an outside segment between features. This subdivision does not affect
planarity. For each feature, the connections between its representative node and all points
on the boundary can be routed without intersections. Any outside segment is shorter than
B, therefore, no outside segment can go into a feature and then leave it because it would
then have length at least 2b > B (see Figure 2(c)). Thus if two conflict edges intersect, their
outside segments intersect outside of features.

Suppose that (a,b) and (¢, d) are two intersecting outside segments. Assume first that
two points, say a and b, belong to the same feature. Because (a,b) and (c,d) intersect,
la,b| + |c,d| > |a,d| + |b,c|. Therefore, either (a,b) is longer than (a,d) or (c,d) is longer
than (c,b), which contradicts the definition of the outside segment as a closest pair. If all
four points belong to different features, then it can be shown that three pairwise distances
other than (a,b) and (c,d) between these four points are smaller than B, which contradicts
assumption (ii). 0

Let K4 and K} respectively denote an instance of four pairwise adjacent rectangles and
an instance of four pairwise adjacent rectangles with one omitted boundary edge (see Figure
2(a)).Each intersecting pair of bloated rectangles should be connected by an edge, except
when the edge corresponds to a diagonal of an instance of K4 or Kj. There are two reasons
why we omit these diagonals. (1) Any valid phase assignment to nodes of the conflict graph
is a valid phase assignment for the conflict graph without such diagonals, and vice versa.?
(2) By Theorem 2.1, the conflict graph becomes planar after removal of diagonals in Ky
and K}, and phases for planar graphs can be assigned efficiently in contrast to the case of
arbitrary graphs.

To fully exploit the planarity of the conflict graph once diagonals have been removed,
the conflict graph should be embedded into the plane. Embedding is fully determined by

the cyclic order of edges incident to each node (see [21]), i.e., by the cyclic order of nodes

®In the conflict graph with diagonals removed from any instance of K4 (respectively K7}), any valid phase
assignment will assign different phases to endpoints of each of the four (respectively three) edges left after
removal of diagonals. Therefore, the two endpoints of each diagonal are assigned the same phase, and
endpoints of different intersecting diagonals are assigned opposite phases. Our understanding is that for
such configurations, this phase assignment yields acceptable feature resolution.
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Figure 3: Obtaining a cyclic order on edges incident to a given node. (a) The order induced
by the segments connecting the centers of adjacent rectangles is incompatible with a planar
embedding. (b) The order which induces a correct planar embedding.

adjacent to a given node. Note that the order induced by segments connecting the centers
of adjacent rectangles may be incompatible with a planar embedding, e.g., if rectangles have
large aspect ratio (see Figure 3(a)). We use the following cyclic order of adjacent rectangles
(see Figure 3(b)). All rectangles adjacent to a given rectangle R are partitioned into four
groups consisting of: (i) rectangles positioned to the right of R (i.e., having left side to the
right of the right side of R); (ii) rectangles positioned below R which do not belong to group
(1); (iii) rectangles positioned to the left of R which do not belong to group (ii); and (iv)
rectangles positioned above R which do not belong to groups (i) and (iii). In the ordering,
rectangles from group (i) precede those from group (ii), which in turn precede those from
group (iii), which in turn precede those from group (iv). Inside their respective groups, the
rectangles are sorted (i) in decreasing order of their y-coordinates, (ii) in decreasing order
of their z-coordinates, (iii) in increasing order of their y-coordinates, and (iv) in increasing
order of their z-coordinates. After the correct planar embedding is established, all instances
of K4 and Kj which cause edge intersections can be detected, and their edge intersections

removed, in a straightforward way.



3 Approaches to Removing Odd Cycles From the Conflict
Graph

Moniwa et al.[15] and Ooi et al.[18] first posed the phase assignment problem and suggested
methods of detecting cases when there is no valid phase assignment, i.e., when the conflict
graph contains odd cycles. Subsequently, Ooi et al.[19] and Moniwa et al.[16] suggested
interactive methods which fully exploit information in the mask layout. The heuristic of
Moniwa et al. [16] first constructs the conflict graph G, then creates a list of all odd cycles
in G using an enumerative approach. The heuristic then iteratively finds and deletes the
edge that is in the greatest number of minimum-length odd cycles. Deletion is accomplished
by increasing the lower bound on separation between the corresponding features, and then
applying a compactor to perturb the shape or position of these features (see Figure 4). This
approach may be feasible for the cell layout editing context, but likely does not scale to
large instances since the number of odd cycles can be exponential in the size of the layout.
Moreover, the heuristic does not necessarily delete the minimum number of edges, nor will
it necessarily select edges whose deletion will have minimum impact on the layout.

Ooi et al.[19] also suggested a compaction-based method which (i) produces a symbolic
layout from the mask layout; (ii) performs phase assignment in the symbolic layout; and (iii)
compacts the symbolic layout using minimum spacing design rules consistent with the phase
assignment. The advantage of the compaction-based method is that it is fully automated
and guarantees to remove all odd cycles from the conflict graph. On the other hand, the
phase assignment step is relatively oblivious to details of the mask layout; the ensuing
compaction step may not minimize distortion of the original layout.

In the following, we focus on the following “one-shot” approach (Figure 5), which im-
proves over the method in Ooi et al. [19]. (Other techniques, including several of a specula-
tive nature, have been proposed in [12]; our present work does not address these.) Initially,
we constrain the layout only by the minimum-spacing design rule, i.e., no two features can
be less than distance b apart. We then: (i) find the conflict graph G; (ii) find the minimum
set of edges whose deletion makes the conflict graph G 2-colorable; (iii) assign phases such

that only the conflict edges in the minimum set connect features of the same phase; and (iv)
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Figure 4: Changing a shape without changing positions of vias.

compact the layout with “PSM design rules”, i.e., minimum separation B between features
that are assigned the same phase, and minimum separation b between features that are

assigned different phases.

4 The Minimum Perturbation and 7-Join Problems

The overall objective of PSM layout design is to achieve minimum-area layout while main-
taining PSM-feasibility. Our “one-shot” flow assumes that an automated-custom or mi-
gration flow will essentially start out by being “optimistic”, i.e., by assuming that feature
widths and spacings can be scaled down to values achievable using PSM. The optimistic as-
sumption will typically result in a design that cannot be phase-assigned, due to the presence
of odd cycles. This induces a “minimum perturbation” problem: we seek a “minimum per-
turbation” of the layout, in terms of odd cycle breaking and resultant B spacing constraints
between pairs of features that previously had b spacings.*

Recall that when a phase assignment is found, each conflict edge that separates two
same-phase features induces a minimum spacing requirement of B between the features.
Such a requirement is passed to compaction in the form of a spacing constraint. To fully
exploit compaction technology and achieve optimal algorithms for phase assignment with
minimum layout perturbation, we must take into account that different changes may have
different impact on the resulting layout area.

The methods for optimal odd cycle removal that we develop below will find the minimum-

*An underlying - and natural — assumption is that adding fewer such “PSM constraints” will lead to less
overall layout area (i.e., after compaction).



Read layout

'

Construct conflict graph

'

Find minimum set of deleted
edgesin conflict graph

'

Assign phases

'

Generate connectivity and
spacing constraints
according to phases

(x-, y-directions separately)

'

Solve constraint graph with
Bellman-Ford
(x-, y-directions separately)

Output layout

the size of the layout.

Figure 5: Flow for the “one-shot” method. Note that the one-shot approach applies com-
paction separately in the z- and y-directions to enforce the given phase assignment.

weight set of conflict edges whose deletion makes the conflict graph bipartite, even if the
conflict edges have different weights. Thus, as we minimize the number of layout changes
(i.e., new spacing requirements in compaction), we believe that it will be helpful to assign
larger weights to those conflict edges whose resolution will cause larger increase in the layout
area. A specific recipe would detect spacing constraints (between feature pairs) that are on

critical paths in the compaction, i.e., constraints that when increased will directly increase

It would be reasonable to assign larger weight to conflict edges
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corresponding to such constraints; lesser weight should be assigned to conflict edges that
do not lie on critical paths (see Figure 6). Finally, if several methods to delete edges and
eliminate odd cycles are combined, the weight of a given conflict edge should reflect the

minimum possible cost of breaking that edge using any of the available methods.”

——

Figure 6: Critical path between leftmost and rightmost features consists of thick edges.
Thin edges on non-critical paths may be broken for free.

Optimal phase assignment can be found by solving the following problem.

The Minimum Perturbation Problem: Given a planar graph G = (V, E) with
weighted (multiple) edges, find the minimum-weight edge set M such that the graph (V, E —

M) contains no odd cycles.

After the Minimum Perturbation Problem is solved, i.e., the set of edges M is determined
and deleted, the valid assignment of phases can be found using breadth-first search. For
each connected component of the conflict graph (the weight of each edge is set to 1), starting
from arbitrary node v breadth-first search determines the distance from v to each other node
u. If the distance from v to u is even, then wu is assigned the same phase as v; otherwise, u
is assigned the opposite phase. Such breadth-first search can be performed in linear time.

The Minimum Perturbation Problem is closely related to the well-known 7'-join problem

[4].

The T-join Problem [4]: Given a graph G with weighted edges, and a subset of nodes

®We have not implemented this particular connection between our compactor and the conflict graph
definition. Our discussion is simply to motivate the following formulation of the Minimum Perturbation
Problem.
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T, |T| is even, find a minimum weight edge set A such that a node u is incident to an odd

number of edges of A iff u € T

The Minimum Perturbation Problem can be reduced to the T-join problem in the follow-
ing way. We use the following definitions. A geometric dual of an embedded planar graph
G =<V, E > is a multigraph D =< F, E > in which nodes are the faces of G. If f, g are
two faces of G, i.e., two nodes of D, than an edge of G connects f with g if it belongs to
both of them. A reduced dual of G is a graph D =< F, E > obtained from D by deleting all
but one of the edges that connect a given pair of nodes. The undeleted edge must be the

one of minimal weight.

Lemma 4.1 The Minimum Perturbation Problem for a planar graph G is equivalent to the

T-join problem in the reduced dual graph of G.

Proof. To eliminate all odd cycles it is sufficient to eliminate odd faces of the planar graph
G (see Figure 7). The odd faces of G form odd-degree nodes of D. Any edge elimination
in G corresponds to edge contraction in D. In particular, if we eliminate a set of edges A
in G, then the resulting nodes of (modified) D will correspond to connected components
of < F;A >. Given such a component with sum of node degrees d and k edges, the
corresponding node has degree d — 2k. Thus A is a feasible solution iff each connected
component of < F, A > contains an even number of odd nodes (odd faces of G). Moreover,
for each feasible solution A C E there exists a feasible solution A C E with weight that is
not larger; we obtain A from A by replacing multiple edges connecting a pair of nodes/faces
f and g with a single edge of minimum weight.

If we define T to be the set of odd faces of G, then finding the minimum cost feasible
solution is the same as solving the T-join Problem for D. 0

The T-join problem was reduced by Hadlock [8] and Orlova & Dorfman [20] to the
Minimum-Weight Perfect Matching Problem.

Lemma 4.2 The T-join problem for a graph with n nodes can be reduced to Minimum-

Weight Perfect Matching problem in a complete graph with |T| nodes.
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Figure 7: From the conflicts between features (a), the conflict graph is derived (b). The
dual graph (c) is constructed. The nodes of odd degree are matched using 7T-join in the dual
graph (d), and the corresponding conflict edges are determined (e). Finally, the minimum
set of conflicts to be deleted is determined (f).

Proof. Every minimal T-join is the union of edge sets of edge disjoint paths that,
viewed as edges connecting their endpoints, provide a perfect matching of set T' (see [4], p.
168). Thus every minimal T-join corresponds to a perfect matching, with the same cost,
in a complete graph with node set T' and edge weights defined as the shortest path lengths
in the original graph. Conversely, every perfect matching in the new graph yields a T-join
considering the paths that correspond to its edges, and taking the edges of the original
graph that belong to an odd number of these paths, obviously the cost of this T-join is not
larger than the cost of the matching. Consequently, the minimum cost perfect matching
must correspond to a minimum cost 7'-join. 0

The reduction defined in Lemma 4.2 has two drawbacks. First, the reduction itself can
be slow, because finding all pairwise distances between nodes of T' is too time- and memory-
consuming. Additionally, the resulting instance of Minimum-Weight Perfect Matching Prob-
lem may have many more edges than necessary, and thus itself is too difficult to be used

in practice. The remainder of this work provides several approaches that are much more
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efficient in the case of sparse graphs (note that planar graphs are always sparse, because the

number of edges is less than six times larger than the number of nodes).

5 Fast Optimal Algorithms for the 7T-join Problem

In this section we present new reductions of the T-join problem to the minimum weight
perfect matching problem, which yield a faster exact algorithm for the 7-join Problem in
sparse graphs.

We start from simple reductions that allow to reduce the problem size in many practical
instances, moreover, they eliminate special cases that would complicate the description of
gadgets that are used by the subsequent reduction. Next, we will show a gadget-based
reduction that uses very simple gadgets and has simple correctness proof. This reduction
yields an algorithm that solves an instance of T-join problem with m edges by applying
a perfect matching algorithm to a graph with O(m) edges. In this manner, we obtain an
algorithm for the T-joint problem that runs in time roughly O(n?/?) (see Theorem 5.6)
rather than O(n3) implied by the method known previously [20, 8]. Finally, we refine this
idea to improve the size of the resulting instance of perfect matching (and consequently, the

overall running time) by a constant factor.
5.1 Opportunistic Reductions

In this subsection we describe simplifying, opportunistic reductions that eliminate the nodes
of degree 0, 1 and nodes of degree 2 that do not belong to T'. These reductions do not improve
the worst case performance of algorithms for the T-join problem, but nevertheless help in
many real-life instances.

The first opportunistic reduction reduces the T-join problem to instances with bicon-

nected graphs.

Theorem 5.1 Consider an instance of the T-join problem described by the graph < V., E >,
edge weight function w and T C V. Assume that < V,E > has biconnected components
<WVi,Ey >,...,< Vi, Er >. Then in linear time we can find sets T; C V; such that A C E

is an optimal T-join if and only if fori =1,... k, ANE; is an optimal T;-join for < V;, E; >

14



and w)g,;.

Proof. If a biconnected component < V;, E; > happens to be a connected component
(or the entire graph) then for obvious reasons it suffices to define T; = T'NV;. Now consider
< Vi,E; >, the first biconnected component reported by Hopcroft’s algorithm (see [1],
pp. 180-187); it is a property of this algorithm that this component contains exactly one
articulation point, say v. Let Ey = E— Ej, and Vy =V — Vi N{v}. We will find sets 71 and
Ty such that A is a T-join for < V, E' > if and only if T; N E; is a solution for < V;, E; >
for j = 0,1. We have four cases. In the first two, v € T. If |T' N V3] is even, v must be
incident to an odd number of edges from F1, and thus to an even number of edges from FEj.
Thus we can set T =T NV; and Ty =T — V;. If [T NV4| is odd, then v must be incident
to an even number of edges in A N E; and thus to an odd number of edges from A N Ey,
consequently we can set Ty = T NV and Ty =T — Vy. In the remaining two cases, v € T'.
If [T N'V;| is even, v must be incident to an even number of edges from A N E; and an even
number from A N Ey, consequently we can define T; = TNV for j = 0,1. TNV is
odd, v must be incident to an odd number of edges in both A N Ey and A N Ey, so we can
define T; = TNV; U{v} for j =0, 1. In this fashion, we can each compute T; as soon as the
respective biconnected component < V;, E; > is reported by Hopcroft’s algorithm. O

The second opportunistic reduction eliminates nodes of degree 2 that do not belong to

T.

Theorem 5.2 Assume that node v € T has exactly two neighbors, vi and vo. Consider the
graph transformation where edges {v,v1} and {v,ve} are replaced with edge {vi,vo} with
weight w(v,v1) +w(v,ve). Then this edge replacement defines a 1-1 correspondence between

T-joins of the old graph and the new graph.

Proof. The claim follows immediately from the observation that in the original instance,
a solution either contains both e; and es, or neither of these edges. O
Because the running time of the most efficient algorithms for minimum weight perfect
matching depends on the maximum edge weight (if we assume that all weights are integer),

we should estimate how much this weight may change. The reduction implied by Theorem
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5.1 does not change the maximum edge weight at all, while the reduction implied by Theorem

5.2 increases the maximum by a factor smaller than n.

5.2 Reduction via Simple Gadgets

We suggest the following algorithm for the 7T-join problem in sparse graphs.
1. Read T-join instance (V, E,w,T).

2. For each vertex v € create gadget graph , , that depends only on the degree of v and
the membership of v in T'. For every neighbor u of v, , , contains a contact node

(v,u), all edges of , , have weight 0.

3. For each edge {u,v} € E connect , , and , , with a replacement of {u,v}, p({u,v}) =

{(u,v), (v,u)}, that has the same weight.
4. In the resulting graph (V', E', w') find a minimum cost perfect matching M.

5. Return A = p~1(M).

Lemma 5.3 The Optimal T-join problem for a graph with n nodes (and T with t nodes)
and m edges can be reduced to the Minimum-Weight Perfect Matching problem in a graph

with 4m — 2n — t nodes and Tm — 5n — t edges.

Proof. Each step of our algorithm, except Step 4, takes linear time; therefore the running
time is determined by the size of the graph (V', E',w') that is produced from our gadgets.

The correctness follows from these two properties of our construction:

(i) For every T-join A C E there exists a set of zero-weight edges Z C E' such that p(A)UZ

is a perfect matching of (V', E').
(i) For every perfect matching M C E' the edge set p~ (M) is a T-join of (V, E).

Indeed, assume that A’ is a minimum cost T-join for the input graph. Then for some
zero-cost edge set Z, M = p(A) U Z is a perfect matching of (V', E', w) with the same cost
as A'. In turn, A = p~}(M) is a T-join with the same cost as M, and by extension, as A’.

Therefore the algorithm returns a T-join with the the minimum cost (weight).
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Property (ii) will be assured in the following manner: , , will have an odd number of
nodes if and only if v € T. Thus if v € T, each perfect matching must contain an odd
number of edges with exactly one endpoint in , ,, i.e., an odd number of replacements of
edges that are incident to v. Similarly, if v € T', the number of such edges must be even.

Property (i) will be assured as follows. Let M’ be the set of replacements of the nodes
of A, and let U be the set of nodes that are matched by M’. Consider a gadget , ,. Clearly,
, v NU is a set of contacts.. The construction of , , assures that for every set of contacts U
, » — U contains a Hamiltonian path of even length and thus it contains a perfect matching
of 0-cost. The union of these perfect matchings form the desired set Z.

To finish the proof, it remains to calculate the size of the new graph. It contains m
replacement edges. Moreover, if v € T has degree d, , , contains 2d — 3 nodes and 3d — 6
edges, and if v € T, then this gadget has one more node and one more edge. The claim

follows from the fact that the sum of the node degrees equals 2m.

In T-join instance Gadget for T Gadget for V-T

C K]
-+

A
AA
AAA

Figure 8: Replacing a vertex v of the dual graph with a gadget. The replacement edges
are shown with one endpoint only, contact nodes are the nodes that are incident to the
replacement edges. Note that the remaining nodes form a horizontal path, and each set of
contact nodes can be inserted to this path.



Fig. 10 shows an example of a transformation that uses our gadgets; the left part shows
an instance of the T-join problem, and the middle part the instance of Perfect Matching

that is obtained with the gadgets from Fig. 8.
5.3 Reducing 7-join to Perfect Matching with Optimized Gadgets

In this section we describe optimized gadgets which improve the running time by a factor
of 4 on average (see Section 7.2). The construction of these gadgets is less uniform and
the connection between the gadget is less regular. We define two versions of gadgets: full
gadgets, shown in Fig. 9, and trimmed. The idea is that the full gadget of node u, denoted
, u, contains replacements of all edges that are incident to u; when we connect gadgets
of adjacent nodes u and v, we need to decide which replacements of the edge {u,v} we
remove: those from , , or those from , ,7 This removal creates the trimmed gadgets which
are connected by identifying the respective contact nodes.

More formally, for every node v that is adjacent to u, the gadget , , contains contact
node (u,v). This contact node is incident to all replacements of the edge {u, v} that belong
to , 4. The remaining nodes of , , are the core nodes. We distinguish two kinds of contact
nodes: obligatory and optional. All these kinds of nodes are illustrated in Fig. 9. The
property of an optional contact is that it is incident to one edge only, and this edge connects
this contact with a core node.

We can trim , ,, by removing some of its optional contacts. For each contact (u,v) thus
removed we transfer the name (u, v) to its sole neighbor. Now we see that we cannot connect
gadgets arbitrarily (as we did in the previous algorithm). In particular, we can connect , ,
and , , only if one of the respective contacts, (u,v) or (v, u), is optional. Suppose that (u,v)
is optional. Then we can connect , , and , , by trimming (u,v), and identifying the new
(u,v) with (v.u). As a result, all replacements of edge {u,v} are adjacent to a single core
node of , ,; we say that edge {u,v} fans out from u toward v.

Now we can describe the new algorithm.
1. Read instance (V, E,w,T) of T-join problem.

2. For each edge {u,v} € E, decide whether it fans out toward u or toward v. Make sure
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that if a node w has degree d, then at least |d/2]| edges are fanned toward w.

3. For each node u € V create gadget , , that depends on the degree of u and the
membership of u in T. For each v adjacent to u, , , contains contact node (u,v).

Make sure that if {u,v} fans toward v than (u,v) is optional.

4. For each edge {u,v} € F connect ,, and ,,. In particular, if {u,v} € E fans out
toward v, then remove the optional contact (u,v) (and the replacement of {u,v} in

, ») and identify the new (u,v) with (v, u).

5. In the resulting graph (V’, E',w') find a minimum cost perfect matching M using you

favorite program.

6. Return A, the set of edges of E that have a replacement in M.

Before we analyze this algorithm, we should note that its step (2) can be implemented
in linear time. We apply a graph traversal, where each edge is traversed exactly once, and
when we traverse an edge, say from u to v, then we decide to fan it out toward v. If there
exists a node adjacent to an odd number of un-traversed edges, we start the next stage of
the traversal there, and we continue until we encounter another node with this property.
When every node is adjacent to an even number of untraversed edges, we can start at any
node adjacent to an untraversed edge and continue until we return to this node. It is easy
to see that each time we traverse through a node, or when we start and end a traversal in
the same node, we fan out one edge toward this node, and one edge away. At most once an
edge can be used as a terminal of a non-cyclic traversal, thus we fan at least |d/2] edges
toward a node of degree d.

In the new algorithm we have no 1-1 correspondence between edges of (V, E) and their
replacements in (V' E'); one edge from E may have up to three replacements, and an edge
from E’ may replace two edges. However, the relationship is not arbitrary. In particular,
because we join gadgets by identifying the respective pairs of contact nodes, the gadgets
are edge disjoint and every edge of E’ belongs to a gadget; we say that e is a replacement
of {u,v} if e belongs to , ,, the contact (u,v) has not been trimmed and a is incident to

this contact. If the other endpoint of e is a core node of , ,, then e replaces {u,v} only and
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w'(e) = w({u,v}, and if e is also incident to another two contacts, say (u,w), then e is a
joint replacement of {u,v} and {u,w} and w'(e) = w({u,v}) + w({u,w}).

It is easy to see that if e € F and M is a matching of (V', E'), then M contains at most
one replacement of e, and that the set of edges from E with replacements in M has the

same weight as M. To show the correctness of our algorithm it remains to show

(i) For every T-join A of (V, E,w,T) there exists a matching M of (V', E',w') with the

same weight; and

(i) for every matching M of (V', E',w'), the set of edges with replacements in M forms a

T-join.
We can show that property (ii) is assured if every gadget satisfies
(ii’) a gadget , , contains an odd number of core nodes iff u € T

Suppose that w € M. Then M contains an odd number of edges with exactly one end-
point that is a core node of , ,; each such edge is a replacement of one edge incident to
u. Moreover, M may contain edges that are adjacent to the contacts of , ,, but not to the
core nodes; each such edge is a replacement of two edges adjacent to u. Taken together, the
number of edges with a replacement in M that are incident to w is odd. Similarly, if u & T,
this number is even, and therefore the set of edges with replacements in M forms a T-join.

Property (i) is somewhat more complicated to verify. Suppose that A is a T-join, and
consider a full gadget , ,. If an edge {u,v} € A, then we have to find a match of (u,v)

inside , . One can see that (i) will follow if every gadget satisfies

(i’) every induced subgraph of , , that contains all core nodes and has even number of

nodes contains a perfect matching.

We can reformulate the latter condition to make it easier to prove. Suppose that we
have an induced subgraph of a gadget that contains all the core nodes and has even number
of nodes. Suppose that this subgraph contains an optional contact. This node has only one
neighbor, so the subgraph in question contains a perfect matching if and only if it contains

one after we remove this optional contact and its sole neighbor.
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With this motivation, we define the reduced form of a gadget as one where all optional
contacts are removed, and the former neighbors of these contacts are now viewed as contacts,

rather than the core nodes. Now condition (i’) reduces to

(i”) every induced subgraph of a reduced gadget that contains all core nodes and has even

number of nodes contains a perfect matching.

The simplest way property (i”) can be assured if when the reduced gadget is a clique: an
induced subgraph of a clique is a clique, and a clique of even size contains a perfect matching.
Our basic gadgets have exactly this form.

To construct other provably correct gadgets, we will introduce some terminology. We use
T'i to denote a gadget for a T-node of degree i, and Si to denote a gadget for a (V —T')-node
of degree i. The reduced forms of our basic gadgets, namely, of S3, T'3, S4 and @ (a version
of S4), are cliques, so these gadgets are proven correct. For larger gadget, we define them,
and prove their correctness, inductively.

Given two gadgets H and H', we can meld them as follows. Let = be an optional contact
of H and z' be an optional contact of H'. Let y and 4’ be the core nodes adjacent to = and
2'. Then meld(H, H') is created by discarding z and z', and by identifying y with ¢'. Fig.
9 shows many examples of melding. For ¢ > 7 we define Si as meld(S(i — 2),Q) and T as
meld(T (i — 2),Q). The following lemma validates building larger gadgets by melding the
smaller ones.

We will say that a graph is a gadget if it has a distinguished set of core nodes, and every
superset of the core nodes of even size has a perfect matching. An S gadget has an even
number of core nodes, and a T gadget has an odd number. An 7 gadget has ¢ non-core

nodes.

Lemma 5.4 We can build new gadgets in the following three ways:

(1) If H is an Si gadget, and H’ is an Sj, then meld(H,H") is a T(i + j — 2).
(11) If H is an T4 gadget, and H’ is an Tj, then meld(H,H') is a T(i +j — 2).
(115) If H is an Si gadget, and H’ is an Tj, then meld(H,H') is a S(i +j — 2).
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In T-join instance Gadgets in the instance of Perfect Matching

o B R

S6=meld($4,Q)  S8=mdd(S6,Q)

e o T o

T2 T4=meld(S3,S3) T6=meld(T4,Q) T8=meld(T6,Q)

e 15 L

S5=meld(S3,Q) S7 =meld(S5,Q)

1 oo Tl

T5 = meld(T3,T4) T7 = meld(T5,Q)

Figure 9: A better set of gadgets. In the case of the basic gadget, we show explicitly the
non-zero edge weights. Empty dots depict the core nodes, and full dots indicate the contacts.
Larger full dots indicate obligatory contacts, smaller dots—optional ones.

Proof. Let Hy denote meld(H,H'). First note that Hy contains all the contacts of H and

H' except for the two that are discarded in the process of melding. Thus Hy has i +j — 2
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Figure 10: An example of graph transformation. The original graph, a T-join instance,
is on the left, node labels indicate members of T, and arrow heads on edges indicate the
direction of the fan out. The graph in the middle is the perfect matching instance obtained
with simple gadgets, and the graph on the right is an equivalent perfect matching instance
obtained with our most “sophisticated” gadgets. Edges that replace the original edges are
roughly parallel to the original ones, edges that replace pairs of the original consist of two
segments.

contact nodes. Second, the number of core nodes of Hy is the sum of the respective numbers
for H and H' minus one (because we replaced two core nodes with one). Thus we can verify
that Hy satisfies property (ii’). It remains to show that Hj satisfies property (i”), i.e. that
every subset of its reduced form that contains all the core nodes and has even size possesses
a perfect matching.

Note that the “fused node” v was a contact in the reduced forms of H and H', but is
not a contact in the reduced form of Hy, because it is not adjacent to an optional contact
anymore. Consider now an induced subgraph of Hy with set of nodes Uy, that contains all
the core nodes and has even size. Let U be the intersection of Uy — {v} with the reduced
form of H, and U’ be the intersection of Uy — {v} with the reduced form of H'. Clearly, Uy
is a disjoint union of U, U" and {v}. Because |Up| is even, either |U| is odd and |U’| is even,
or vice versa. Assume the former. Then U U {v} contains a perfect matching inside H and
U’ contains a perfect matching inside H', so there exists a perfect matching for Uy. 0

The efficiency of the improved algorithm can be expressed with the following theorem.

Theorem 5.5 Consider an instance of Minimum Cost T-join problem with n nodes, m
edges, ng T nodes of odd degree and ny nodes of T' that have degree 3. Our algorithm solves

this instance by generating an equivalent instance of the Minimum Cost Perfect Matching
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that has at most 2m — n + ng nodes and at most 6m — 5.5n + 0.5n; edges.

Proof. Figure 9 shows both the basic gadgets, and the remaining ones that are formed with
melding. For i > 5 we define S(i + 2) as meld(S%,Q) and T'(i + 2) as meld(T4,Q). Note
that a gadget for a node of degree d has at most d — 1 core nodes, except for the T' nodes of
odd degree; if the number of edges is m, number of nodes n and the number of odd degree
T-nodes is ng, this leads to at most m — n + ng nodes in our (V', E',w') graph. Similarly,
the number of edges in an Xd gadget is at most 3.5d — 5.5, with the exception of 7' nodes of
degree 3, which have 0.5 more edges in their gadgets. Because each of the “original” edges
is counted twice, this yields the upper bound of 6m — 5.5n + ny edges in (V', E',w'). n

Finally we can apply the best known so far algorithm by Gabow and Tarjan [6] to solve

the perfect matching problem.

Theorem 5.6 There exists an algorithm that solves the Minimum Perturbation Problem in

time O((nlogn)*?)a(n), where a is the inverse Ackerman function.’
5.4 Further work

Can we obtain an optimum set of gadgets for the reduction of T-join to Perfect Matching?
The answer is complicated, because one would have to make certain “natural” assumption
about the gadgets. In our initial attempts, we assumed that gadgets replacing nodes of the
same degree are identical. However, later we reduced the average gadget size by violating
this assumption (i.e., by assuming that the majority of edges incident to some node of odd
degree is directed toward this node). Figure 11 shows alternative forms of certain gadgets
(i.e., T3 and T'5 that arise under such an alternate assumption), and Figure 10 shows a
perfect matching instance obtained with such gadgets. We believe that this topic merits

further investigation.

6 Approximation Algorithms for the 7-join Problem

The exact algorithm from the previous section may still be too slow for processing very

large layouts. A naive method, used by Ooi et al. [19], is to color the conflict graph in a

SWhile the definition of a(n) is complex, it suffices to know that a(n) < 4 for n < 2197,
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v

T5 = meld(T3,Q)

Figure 11: More efficient forms of 7'3 and 7'5. Note that they have more obligatory contacts
than the optional ones.

breadth-first manner. In other words, assign the first color to an arbitrarily chosen feature
from each connected component of the conflict graph. Then, using breadth-first search, visit
all features and assign opposite color to all features adjacent to already visited features. In
case of a non-bipartite conflict graph, some conflict edges will have the same color assigned
to different endpoints. The number of such edges equals the number of edges that should
be deleted in order to make the conflict graph bipartite. This approach, which we call the
Greedy Algorithm, is very fast but can give very large error, i.e., the number of conflict edges
with the same phase assigned to both ends can be several times larger than for the exact
algorithm (see Section 7.2).

We suggest a fast heuristic based on the Voronoi graph paradigm of [14].

Iterated Voronoi Algorithm:

1. Partition all nodes in G into the Voronoi regions of the nodes in T' [14] such that:
(i) each Voronoi region contains exactly one node from 7', which is the center of the
Voronoi region, and
(ii) each even-degree node belongs to the Voronoi region that contains the closest

node in T (break ties arbitrarily).

2. Construct the Voronoi graph Vor(G) in which each node represents a Voronoi region,
and two nodes R; and Rp are adjacent if and only if a shortest weighted path in G
between the corresponding region centers is completely contained in the two regions

(see Fig. 12).

3. Find a minimum-weight maximum matching M in Vor(G).
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Figure 12: The geometric dual graph G and the Voronoi graph for 7. The weight of an
edge in Vor(G) is the total cost of edges in the shortest path (dashed edges) between the
centers of the Voronoi regions (black vertices).

4. Find the edge set VM in G that is the union of paths in G corresponding to edges

of M, which in turn correspond to the edges of the minimum weighted matching in

Vor(G).
5. Delete edges VM from the conflict graph G,

6. Repeat previous steps while T' # ().

We have also implemented a well-known 2-approximation algorithm suggested by Goe-
mans and Williamson in [7] (see Section 7.2). This algorithm is rather simple because it
does not rely on solving the Minimum-Weight Perfect Matching Problem. Unfortunately, it
is mostly intended to handle dense cases of the T-join problem and its runtime is slightly
worse than the runtime for the optimal algorithm based on optimized gadgets (see Section

5.3).

7 Implementation Experience

7.1 Software Implementation

We have implemented the “one-shot” method in C++ on the Solaris 2.6, Sun CC 4.2

platform. Input is (hierarchical) GDSII that is converted to CIF, then read into an internal

7

polygon database’. There are two major software elements: the phase generator and the

graph-based compactor. Below, we describe the implementation of these two parts, and in

"Our implementation is currently restricted to rectilinearly oriented features, but there are no major ob-
stacles to handling octilinear or all-angle geometries (e.g., slicing would be into parallelograms or trapezoids,
respectively). The focus of our work is on fast optimal solution of sparse (planar) T-join instances; this is
the key to phase-shiftable layout design no matter what angles on features are allowed.

26



the next two subsections we present results of the computational experience for the phase
generator and for the entire flow including the compactor.

The phase generator finds a minimum-cost set of conflict edges for deletion, induces a
phase assignment, and generates compaction constraints such that the layout remains con-
sistent with the phase assignment. The code Blossom-IV for the Minimum-Weight Perfect
Matching, by W. Cook and A. Rohe (1998) [5], was obtained from http://www. or.uni-
bonn.de/home/rohe/matching.html.

In the one-shot flow, the phase generator creates compaction constraints as follows: if
two features are assigned different phases, they have minimum separation b; otherwise, they
have minimum separation B. (In all the results below, we use B = 2b, with b set to the
minimum wire width on the M1 and M2 layouts that we compact.® Layout area is computed
based on an assumed 200nm (0.2 micron) minimum wire width.)

The graph-based compactor (1) generates constraints between feature edges according to
standard design rules and an efficient sweepline approach, (ii) adds constraints produced by
the phase generator, and (iii) stores all constraints as edges of a constraint graph. The com-
pactor then applies the Bellman-Ford algorithm to solve the constraint graph, i.e., obtain
optimal z-coordinates of all edges of all features. Our implementation generally follows the
description of leaf-cell compaction given by Bamji and Varadarajan [3]. We consider three
types of constraints: (i) shape constraints fix the shape of features which cannot be changed
according to design rules; (ii) overlap constraints ensure that features will remain electri-
cally connected after compaction, and/or properly aligned between different layers; and (iii)
spacing constraints enforce separation design rules (including PSM-specific separation rules
between features of the same or of the different phase).?

Note that we perform y-compaction the same way that we do z-compaction (after tem-

porarily swapping x and y coordinates). In the one-shot flow, we output the new positions

8No dark-field PSM rules for poly are available, and our compactor is not able to handle non-rectilinear
shapes commonly found on poly. Thus, for the proof of concept described below, we use local metal layouts.

9We have implemented compaction solely to verify that improved odd cycle breaking can result in reduced
compacted layout area. Our compactor is not fully functional, e.g., it does not handle all-angle geometries
and it has limited capacity. On the other hand, in Section 7.3 below we present results showing that even with
this limited functionality, and without any link between the compaction graph and conflict edge weighting,
we still obtain better results from improved odd cycle breaking.
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Testcases Layout1 Layout2 Layout3

#polygons/#edges 3769 | 12442 9775 | 26520 18249 | 51402

‘ Algorithms H #conflicts ‘ runtime H #conflicts ‘ runtime H #conflicts ‘ runtime ‘
Greedy[19] 2650 .58 2722 3.45 6168 4.95
Iterated Voronoi 1828 2.16 1552 4.99 3494 12.43
Simple Gadgets 1468 18.78 1346 12.49 2958 60.49
Optimized Gadgets 1468 3.62 1346 5.17 2958 16.05
GWIT7] 1612 3.79 1488 5.18 3280 17.90

Table 1: Computational results for phase assignment of layouts with various sizes. The top
row gives the number of polygons and the number of conflict edges for each testcase. The
bottom five rows contain the numbers of unresolved conflict edges (i.e., the numbers of pairs
of polygons within distance B with the same phase, which must be resolved by perturbing
the layout with a compactor) and runtimes for phase assignment algorithms suggested in
[19], [12], [2], a method based on approximation algorithm by Goemans-Williamson[7] and
the present paper. All runtimes are in seconds for a 300 MHz Sun Ultra-10 workstation
with 128MB RAM.

of all features after compacting exactly once in each of the = and y directions.
7.2 Computational Experience With the Phase Generator

Table 1 summarizes our computational experience with three layouts of different sizes and
densities. All layouts were derived from industry standard-cell layouts. All runtimes are
CPU seconds on a 300 MHz Sun Ultra-10 workstation with 128MB RAM. We see that our
code can handle very large flat designs in reasonable time, and is a promising basis for
phase assignment in alternating PSM at the block level, if not the full-chip level. Table 1
also confirms that the four algorithms studied exhibit a clear trade-off between runtime and
the number of unresolved conflicts in the resulting valid phase assignment. Moreover, our
new exact method significantly improves over the previous methods of [19] [12]: it reduces
by 40% the number of unresolved conflicts, which correspondingly reduces the amount of
layout modification needed in compaction. Finally, we also implemented the approximation
algorithm for the T-join problem from [7]. Our results show that the average deviation from
the optimum for the Goemans-Williamson algorithm is around 10%, which is significantly

larger than the 2% for Euclidean matchings reported in [23].
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Testcases Layoutl Layout2 Layout3

#polygons 1416 3339 6013
‘ Phase Assignment H #conflicts ‘ area, H #conflicts ‘ area, H #conflicts ‘ area, ‘
Ideal (w/o conflicts) 0 .36641 0 1.7106 0 2.0712
Optimal 94 43583 112 1.9257 220 2.2954
Greedy 246 47339 168 2.0283 238 2.3289

Table 2: Computational results for compaction with different phase assignment for layouts
with various sizes. The top row gives the number of polygons for each testcase. The bottom
three rows contain the numbers of unresolved conflict edges (i.e., the numbers of pairs of
polygons with additional PSM constraint imposing distance at least B between features
with the same phase) and the compacted layout area for different phase assignments. Phase
assignments are Ideal (when we assume that no phase conflicts are left unresolved), Optimal
(when the minimum possible number of phase conflicts are left unresolved), and Greedy
(when phase assignment greedily minimizes unresolved conflicts [19]). All areas are in 10% 2,
assuming a 200nm (0.2 micron) minimum feature width in the process.

7.3 Computational Experience With the Graph-Based Compactor

Table 2 summarizes the results of experiments with the graph-based compactor on three
different designs. The layouts for which we report compaction results are small, again
because of the limited capacity of our prototype compactor and a lack of constraint pruning
in the compaction graph. The compaction is performed over four layers: METAL2, VIA,
METAL1 and CONTACT. We first compact the design without imposing PSM constraints.
In other words, the resulting area is the absolute minimum that can be achieved with phase-
shifting technology, since we assume that the phase assignment will resolve all conflicts (i.e.,
that such a phase assignment exists). Next, we perform compaction with phase assignment
(i) having the optimal number of unresolved conflicts, or (ii) induced by the greedy method.
Table 2 clearly shows the dependency of area on the number of unresolved conflicts. The
greater the ratio of unresolved conflicts in the greedy method, compared to the optimal
number of unresolved conflicts, the more the optimal method gains in area over the greedy
method.

In conclusion, we have suggested new optimal and approximate efficient algorithms for

YDuring this compaction we set the minimum separation B between same-phase features equal to the
minimum separation b between opposite-phase features.
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minimum-cost layout perturbation and conflict elimination in the dark field (negative pho-
toresist, single exposure) alternating PSM context. Our approach has been integrated with
a GDSII reader, polygon database and layout compactor. Our preliminary computational
tests show that our code can assign phases to comparatively large designs in reasonable
time. Our experience with the graph-based compactor following phase assignment shows
that significant potential area reductions (around 10%) may be achievable versus previous
conflict-breaking techniques. This is the case even though our conflict-breaking does not
exploit any available knowledge of critical paths in the compaction graph. Other, potentially
more powerful approaches to layout modification and phase assignment for alternating PSM
— as well as stronger compaction techniques — are currently under investigation. We are also

pursuing unified solutions to the dark-field and bright-field alternating PSM contexts.
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Lists of Figures and Tables

Figure 1. Comparison of diffraction optics of conventional and phase-shifting masks. F
denotes electric field and I denotes intensity. With the conventional mask (a) light diffracted
by two adjacent apertures constructively interferes, increasing the light intensity in the dark
area of the wafer between the apertures. With the phase-shifting mask (b), the phase shifter
reverses the sign of the electric field, and destructive interference minimizes light intensity
at the wafer in the dark area between apertures.

Figure 2. (a) We assume that there are no conflicts between diagonal pairs (dashed
edges) in a set of four features if at least three other conflicts exist. (b) The subdivision of
edges of the conflict graph. (c) There is no conflict between the left feature and the right
feature because B < 2b.

Figure 3.Obtaining a cyclic order on edges incident to a given node. (a) The order
induced by the segments connecting the centers of adjacent rectangles is incompatible with
a planar embedding. (b) The order which induces a correct planar embedding.

Figure 4. Changing a shape without changing positions of vias.

Figure 5. Flow for the “one-shot” method. Note that the one-shot approach applies
compaction separately in the z- and y-directions to enforce the given phase assignment.

Figure 6. Critical path between leftmost and rightmost features consists of thick edges.
Thin edges on non-critical paths may be broken for free.

Figure 7. From the conflicts between features (a), the conflict graph is derived (b). The
dual graph (c) is constructed. The nodes of odd degree are matched using 7T-join in the dual
graph (d), and the corresponding conflict edges are determined (e). Finally, the minimum
set of conflicts to be deleted is determined (f).

Figure 8. Replacing a vertex v of the dual graph with a gadget. The replacement edges
are shown with one endpoint only, contact nodes are the nodes that are incident to the
replacement edges. Note that the remaining nodes form a horizontal path, and each set of
contact nodes can be inserted to this path.

Figure 9. A better set of gadgets. In the case of the basic gadget, we show explicitly

the non-zero edge weights. Empty dots depict the core nodes, and full dots indicate the
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contacts. Larger full dots indicate obligatory contacts, smaller dots—optional ones.

Figure 10. An example of graph transformation. The original graph, a T-join instance,
is on the left, node labels indicate members of T, and arrow heads on edges indicate the
direction of the fan out. The graph in the middle is the perfect matching instance obtained
with simple gadgets, and the graph on the right is an equivalent perfect matching instance
obtained with our most “sophisticated” gadgets. Edges that replace the original edges are
roughly parallel to the original ones, edges that replace pairs of the original consist of two
segments.

Figure 11. More efficient forms of 73 and T'5. Note that they have more obligatory
contacts than the optional ones.

Figure 12. The geometric dual graph G and the Voronoi graph for 7'. The weight of an
edge in Vor(G) is the total cost of edges in the shortest path (dashed edges) between the
centers of the Voronoi regions (black vertices).

Table 1. Computational results for phase assignment of layouts with various sizes. The
top row gives the number of polygons and the number of conflict edges for each testcase. The
bottom five rows contain the numbers of unresolved conflict edges (i.e., the numbers of pairs
of polygons within distance B with the same phase, which must be resolved by perturbing
the layout with a compactor) and runtimes for phase assignment algorithms suggested in
[19], [12], [2], a method based on approximation algorithm by Goemans-Williamson[7] and
the present paper. All runtimes are in seconds for a 300 MHz Sun Ultra-10 workstation
with 128MB RAM.

Table 2. Computational results for compaction with different phase assignment for
layouts with various sizes. The top row gives the number of polygons for each testcase.
The bottom three rows contain the numbers of unresolved conflict edges (i.e., the numbers
of pairs of polygons with additional PSM constraint imposing distance at least B between
features with the same phase) and the compacted layout area for different phase assignments.
Phase assignments are Ideal (when we assume that no phase conflicts are left unresolved),
Optimal (when the minimum possible number of phase conflicts are left unresolved), and

Greedy (when phase assignment greedily minimizes unresolved conflicts [19]). All areas are
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in 10342, assuming a 200nm (0.2 micron) minimum feature width in the process.
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Footnote 1. More precisely, two features are in phase conflict if (i) there is no pair of
points, one from each feature, whose separation is less than b; and (ii) there is some pair of
points, one from each feature, whose separation is less than B.

Footnote 2. Although the slicing is not strictly necessary, it greatly simplifies the con-
struction as well as the planar embedding of the conflict graph. In fact, if slicing were not
be performed in advance, the conflict graph construction and sorting of neighbors would
implicitly include some procedure equivalent (at least in runtime) to slicing.

Footnote 3. In the conflict graph with diagonals removed from any instance of Ky
(respectively K}), any valid phase assignment will assign different phases to endpoints of
each of the four (respectively three) edges left after removal of diagonals. Therefore, the
two endpoints of each diagonal are assigned the same phase, and endpoints of different
intersecting diagonals are assigned opposite phases. Our understanding is that for such
configurations, this phase assignment yields acceptable feature resolution.

Footnote 4. An underlying — and natural — assumption is that adding fewer such “PSM

constraints” will lead to less overall layout area (i.e., after compaction).
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Footnote 5. We have not implemented this particular connection between our com-
pactor and the conflict graph definition. Our discussion is simply to motivate the following
formulation of the Minimum Perturbation Problem.

Footnote 6. While the definition of a(n) is complex, it suffices to know that a(n) < 4
for n < 2197,

Footnote 7. Our implementation is currently restricted to rectilinearly oriented features,
but there are no major obstacles to handling octilinear or all-angle geometries (e.g., slicing
would be into parallelograms or trapezoids, respectively). The focus of our work is on fast
optimal solution of sparse (planar) T-join instances; this is the key to phase-shiftable layout
design no matter what angles on features are allowed.

Footnote 8. No dark-field PSM rules for poly are available, and our compactor is not able
to handle non-rectilinear shapes commonly found on poly. Thus, for the proof of concept
described below, we use local metal layouts.

Footnote 9. We have implemented compaction solely to verify that improved odd cycle
breaking can result in reduced compacted layout area. Our compactor is not fully functional,
e.g., it does not handle all-angle geometries and it has limited capacity. On the other hand,
in Section 7.3 below we present results showing that even with this limited functionality,
and without any link between the compaction graph and conflict edge weighting, we still
obtain better results from improved odd cycle breaking.

Footnote 10. During this compaction we set the minimum separation B between same-

phase features equal to the minimum separation b between opposite-phase features.
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