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Abstract. The Steiner tree problem asks for a minimum cost tree spanning a
given set of terminal$ C V in a weighted grapli: = (V, E,c),c: E — R*.

In this paper we consider a generalization of the Steiner tree problem, so called
Polymatroid Steiner Problem, in which a polymatrétd= P(V') is defined orl/

and the Steiner tree is required to span at least one baBdinfparticular, there

may be a single basg C V). This formulation is motivated by the following
application in sensor networks — given a set of sensots {s1,..., sk}, each
sensors; can choose to monitor only a single target from a subset of tafggts

find minimum cost tree spanning a set of sensors capable of monitoring the set
of all targetsX = X, U...U X;. The Polymatroid Steiner Problem generalizes
many known Steiner tree problem formulations including the group and covering
Steiner tree problems. We show that this problem can be solved with the polylog-
arithmic approximation ratio by a generalization of the combinatorial algorithm
of Chekuri et. al. [7].

We also define the Polymatroid directed Steiner problem which asks for a min-
imum cost arborescence connecting a given root to a base of a polym&troid
defined on the terminal sé&t. We show that this problem can be approximately
solved by algorithms generalizing methods of Charikar et al [6].

Keywords: wireless sensor networks, Steiner trees, polymatroid, approximation
algorithms

1 Introduction

This paper is motivated by the following lifetime problem in energy-constrained sensor
networks. LetS be a set of (stationary) sensors which can be employed for monitoring
a setX of (possibly moving) targets. Each senspe S can monitor at most one target
chosen fromX; C X, a subset of targets visible tg. All targets are supposed to be
simultaneously monitored by activated sensors which should continuously transmit col-
lected data to the base possibly using multi-hop connections through other sensors, i.e.,
the activated sensors and the base should be connected with a SteinerdcbedAle

is a set of pairgT', t), whereT a Steiner tree connecting sensors capable of monitoring
all targets and is time during whichI" is used. A simple energy model assumes that
all sensors transmit with a single unit power and the Steiner tree is derived from the
unit-disk graph. Then the energy consumption of each sensor is proportional to the time
t during which it is used.
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Target-monitoring sensor network lifetime problem. Find a schedule of the maxi-
mum total time span such that each sensot S does not exceed given initial energy

supplyb;.

Previously, several versions of the communication adhoc network lifetime problems
as well as sensor network lifetime problem have been explored in [4] and [3], respec-
tively. A provably good approach to the lifetime problems consists of the following
steps:

(i) formulating the lifetime problem as a packing linear program,
(ii) approximately solving the dual covering linear program,
(iii) applying the primal-dual algorithm [11] for solving the primal packing linear pro-
gram with almost the same approximation factor as for the covering linear problem.

Therefore, our focus is on the following covering problem which is dual to the
target-monitoring sensor network lifetime problem.

Target-monitoring sensor covering problem.Find minimum cost Steiner tree span-
ning the base and a set of sensors capable of simultaneous monitoring of all targets.

Consider a bipartite graph with vertex gdet= S U X and edges connecting sensors
with visible targets. Then any set of sensors capable of simultaneous monitoring of
all targets is a set of-endpoints of a matching completely coverig Therefore,
all minimal feasible sets of sensors form a set of bases of a matroid or, in general,
a polymatroid. The following problem generalizes the Steiner tree problem in a very
natural way.

Polymatroid Steiner problem (PSP).Given a graphG = (V, E,¢) with costs on
edges and a polymatroid = P(V') on vertices ofZ, find minimum cost tre@” within
G spanning a base df.

Equivalently, letr : 2V — {0,1,...} be a function on the set of vertices 6f
(called therank function of the polymatroid® (V")) satisfying

—r(ANB)+r(AUB) <r(A)+r(B), forall A, B C V (submodularity)
-r(@® =0
— if A C Bthenr(A) < r(B) (non-decreasing).

Then PSP asks for a minimum cost ttEspanning a maximum rank subsetlof

PSP generalizes various Steiner tree problem formulations. For example, setting the
rank functionr(A4) = |[AN S|,A C V whereS C V is a given set of terminals,
we obtain the classic&teiner tree problerwhich asks for a minimum cost tree span-
ning terminalsS. Thegroup Steiner tree problesearches a tree spanning at least one
vertex from each of given groups (subsets of vertidgs) .., V, € V —itis also an
instance of PSP with the rank functiofd) = [{V;|ANV; # 0}|. Thecovering Steiner
tree problem(see [16, 15, 8]) generalizes the group Steiner tree problem by requiring
at leastk; vertices from a grouy; to be spanned — the corresponding rank function is
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r(A) = Zle min{k;, |A N V;|}. Finally, the target-monitoring sensor covering prob-
lem is reduced to PSP by adding a single auxiliary target matching the base and setting
r(A) equal to the maximum number of targets tlatan match.

The complexity of PSP can be derived from the recent papers [12, 13]. Halperin
and Krauthgamer [13] showed that for every fixed 0, Group Steiner Tree problem
admits nolog® ™ n-approximation, unless NP has quasi-polynomial Las Vegas algo-
rithms.

When applying primal-dual algorithm of [11] it is necessary to solve weighted
target-monitoring sensor covering problem, i.e., the version in which each sensor has a
certain weight and the cost of the solution is sum of weights of chosen sensors rather
than just number of chosen sensors. PSP does not seem to generalize the node-weighted
version, but it can be reduced to the following:

Polymatroid directed Steiner problem (PDSP)Given a directed grapff = (V, F, ¢)
with costs on edges and a polymatréid= P(1") on vertices of5. Find minimum cost
arborescenc#’ within G connecting a given root € V to all vertices of at least one
base ofP.

The PDSP generalizes the Directed Steiner Tree Problem which can be obtained
from PDSP by setting rank of a subset to its size. The best known approximation algo-
rithm, due to Charikar et. al. [6], has running tirGén’k%") and approximation ratio
i2(i — 1)k'/7) for any fixedi > 1. Thus, in polynomial time, their approximation ra-
tio is O(k¢), while in quasipolynomial time(@(n°'8™), for constant ) they achieve a
polylogarithmic approximation ratio @ (log® k).

The simple energy model for the target-monitoring sensor network lifetime problem
can be enhanced by allowing sensors to choose the power of transmission. Then the
energy consumption of each sensprs proportional to the cost of the hop connecting
s; to the next sensor on the path to the base as well ag titmeng whichT" is used. This
model straightforwardly reduces the target-monitoring sensor network lifetime problem
to PDSP. Note that the weighted version of PDSP is equivalent to PDSP — the cost of
each edge should be multiplied by the weight of the beginningeof

In the next section we show how to generalize algorithm of [6] to solve PDSP with
almost the same approximation factor. The section 3 is devoted to generalization of the
algorithm of [7] to solve PSP with the polylogarithmic approximation ratio.

2 The Polymatroid Directed Steiner Tree Problem

In this section we establish performance bounds of the generalization of the algorithm
of Charikar, Chekuri, Cheung, Dai, Goel, Guha, and Li [6] to the Polymatroid Directed
Steiner Tree problem.

First we introduce a version of Polymatroid Directed Steiner Trees which allows the
presentation of the algorithm. Without loss of generality, we assume that the directed
graph is complete andu, v) equals the minimum cost path fromto v. All the edges
and trees in this section are directed. Given a set of nddes V', we denote by x
the rank function withX contracted; that isx(Z) = (X U Z) — r(X). The rank
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function of a polymatroid is submodular implying thatX C Y, then for anyT’,
rx(T) > ry(T). Let PDST (k,v, X) denote the problem of finding the minimum-
cost tre€el” rooted at with rx (7") > k. Note that the new version is in fact equivalent
with the standard version as is another submodular rank function. One can think of
rx as the residual rank function.

We ensure that all the nodeswith »(v) > 0 do not have outgoing edges by "du-
plicating” v as follows: if v has outgoing edges and positive rank, we introduce an-
other nodev’ with r(v') = 0, replace every edge incident toby a corresponding
edge incident ta’, and introduce the edge’, v) of cost 0. This allows us to write
r(T) = r(V(T)) = r(L(T)) for any directed tred" with vertex setV'(T') and leafs
L(T) assumind” s root has rank (as will be the case for all our trees: even the original
root is duplicated if it has positive rank).

Let ¢(T") be the cost of the directed tr&e (the sum of the costs of the edges of
T). Then we define thdensityof the treeT” with respect to vertex set asdx (1) =
e(T)/rx(T), whereV (T) is the vertex set of the tree afiT’) is the vertex set of the
leafs of the tree.

An |-level tree is a tree where no leaf is more thaadges away from the root.
Robins and Zelikovsky [14] give:

Lemma 1. Forall I > 1 and any tree€l" C G, there exists airlevel treeT”’ C G with
L(T") = L(T) and¢(T") < 1 - |L(T)|%c(T).

An earlier claim from [18] that(T") < |L(T)ﬁ, used in [6], has a gap in the proof.

2.1 The Algorithm

We describe the Charikar et. al. algorithm [6], generalized for our more general prob-
lem. The recursive algorith,;(k, v, X') appears in Figure 1. The parameters passed
down are the desired rartk the desired root, the maximum height, and a pointer to
a vectorX describing the vertices already in the tree. The algorithm returns a pointer to
ani-level treeT = T;(k, v, X) rooted atv satisfyingrx (T') > k, or 0 if no such tree
exists. The base caseiis= 1 (as opposed tdo = 2 in the original version), as it is NP-
Hard to compute a minimum density bunch (a tree with only one vertex with outdegree
larger than one) in the polymatroid setting. Whien 1, the recursive algorithm copies
the vectorX and uses the copy during its execution, while when 1 the vectorX is
not modified.

Note the following invariant of the algorithmi (X ;) = k—k;. Indeedy x (X1) =
r(X)=r(X) = 0= k—ky, andrx (X;11) = r(Xj51) = r(X) = r(X; 1) —r(X;) +
r(X;) =r(X) = rx;(Teest(5) + rx(X;) = (kj — kjp1) + (k = kj) = k — kjpa.
In particular, we havex (T;(k,v, X)) > k, so the returned solution is valid.

Let TS}DT(k, v, X) be an optimumi-level tree solvingP DST (k, v, X).

Lemma 2. Far all : > 1, each tre€l'sgs7(j) chosen by algorithnd; (k, v, X) satis-
fies
dx, (Tppst,) < i dx, (Topy(kj v, X;))
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Input: Kk, v, X
Output: An i-level treeT" = T;(k, v, X ) rooted at with rx (T") > k

Let L(v) be the vertices reachable from vrif (L(v)) < k, return@.
If ¢ = 0, return the tree with no edges and vertex{get if rx (v) > k, or@if rx (v) < k.
je ik — kX, — X
. whilek; >0
3.1 TBEST(j) —0
3.2 for each vertexs € V and eachk’, 1 < k¥’ < k;
321 T — A1 (K u, X;) U{(v,u)}
3.2.2 if de (TBEST(j)) > de (T/) thenTBEST(j) =T
8.3 kjy1 — kj — rx; (TBest (7)) Xj41 — X; UL(Tpsr(5))i j < j +1
4, Returnui;}TBEST(q)

whko

Fig. 1. Algorithm A; (k, v, X).

Proof. The proof is by induction on, with the base case= 0 being immediate.

Assume the statement of the lemma holds fokall, X, andi—1. TSI)DT(kj, v, X;)
consists of several edgeés, u,,) and subtree$), rooted atu,,, such thatx, (U,T},) >
k;. Submodularity implies that  rx; (7)) > rx;, (U, 1},), and therefore by an averag-
ing argument and renumbering, we have

c(v,ur) + c(Th) (i)
W <dx,(Topr(kj,v, X;)) (1)

Consider the execution of the algorithAy_; (k;, u1, X;). TreesRy, Rs, ... are
selected in this order, and 1§, = Ug’:qu. Now, whenA,_, (k’, u1, X;) is called for
k' =17rx,(Qp), thenQ, U {(v,u1)} is returned and is a candidate fBsrsr(j). Our
goal is to wisely choose sughand show that is has an appropriate density

c(v,ur) + (@) _ c(v,u) +c(Th)
rx,(Qp) N rx; (T1)

which together with Equation 1 would imply the theorem. We pick be the smallest
integer such thatx, (Q,) > rx,(T1)/i, which implies

(2)

c(v,uq) Py c(v,uq)

rx,;(Qp) — 7rx,(T1) )

It remains to prove that
C(Qp) . C(Tl)
(@) = ', (1) @

as this equation together with Equation 3 implies Equation 2.
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By the induction hypothesis, we have for alK p

C(Rq) < (Z _ 1) C(Tl)

. \fe) S\ 5
TQq-1UX; (Rq) N TQq-1UX; (T1) &

sinceR, is Tprst(q) when executingd; 1 (rx, (71),u1, X;). We pickedp such that
rx,(Qp-1) < rx,(T1), and thereforex,uq, , (T1) = r(X; UQp_1UTy) —r(X; U
Qp—1) > r(X; UTY) —r(X; UQp-1) = (r(X; UTy) — r(X;)) — (r(X; UQp-1) —
(X)) =rx,(Th) = rx;(Qp—1) > Frrx, (Th).

Submodularity of the rank function implies that for alK p,
—1

P00, () 2 rxjug, 1 (1) = o (1) ©
and, therefore,
p p . C(Tl)
R, < R -1)——
= C( q) = ;TQq 1UX]( Q)(Z )TQq,lqu (Tl)
() &
L o
But
rx;(Qp) = 7(X; UQp) —7(Xj)
= ’I“(Xj U Qp) — T(Xj U Qp_1) + ’I“(Xj U Qp—l) — .. = T(Xj U Qo)
= rx,00, . (Ry)
q=1

Thus Equation 7 implies Equation 4, finishing the proof of Lemmam2.

Theorem 1. For everyi > 1,k > 0,v € V and X C V, the algorithmA;(k, v, X)
provides an®k!/* approximation taP DST (k, v, X ) intimeO (n'+'k**+2¢(n)), where
q(n) is the time an oracle returnsy (v) for an arbitrary X C V.

Proof. The proof follows [6]. Note thatTppr(k,v,X) is a valid solution for
PDST(kj,v, X;) since

TX; (TOPT(IC,U, X)) = T(Xj U TOPT(k,’U, X)) — T(Xj)
>r(XUTopr(k,v,X)) —r(X) — (r(X;) —r(X))
>k—rx(Xj)=k—(k—kj)=k

where we used the invariant of the procedurgk, v, X). Therefore, by Lemma 1,

we havec(Typy (ki v, X;)) < ik} e(Topr(kj,v, X;)) ande(Topr (k;,v, X;) <
c(Topr(k,v, X)), and by Lemma 2, we have

dx,(Tppst(j)) < i dx, (TS pp(kj, v, X;))
C(TOPT(]{J, v, X))

<i.i- kY.
<i-i-k; k
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So we know that

c(Teest(J)) <i2k1_/iC(TOPT(k;U;X)
rx,(Teest(4)) — 7 k;
Sincerx, (Teest(j)) = kj+1 — k;, we obtain
S
(Tpesr(§)) < i*c(Topr(k, v, X)) (kjr1 — kj) le
J

Summing oveyj (cf. Lemma 1 of [6]) and using; = k andk;; < 0, we obtain

L/

e(Ti(k, v, X)) < Pe(Topr (k. v, X)) Y (ki1 — ki)~ —

k
SiQC(TOPT(k,U,X)/ 21y
0
= kY e(Topr(k, v, X))

The procedured; invokesA;_, at mostnk? times, and the bound on the running time
follows. m

If the input is a star (directed tree with one level), the algorithm becomes the Greedy
algorithm for the Submodular Set Covering problem [17].

Corollary 1. The approximation ratio of the Greedy Algorithm applied to the Submod-
ular Set Covering problem is at most- In &.

Wolsey [17] investigated this problem and has shown that the Greedy algorithm has in
fact a slightly better approximation ratid,, whereq = max, | ()0 7(v).

3 The Polymatroid Steiner Tree Problem

In this section we give the solution of the (undirected) Polymatroid Steiner tree Prob-
lem. The first choice for solving this problem is to generalize the linear-program based
algorithms of Garg, Konjewood, and Ravi [10], Konjewood, Ravi, and Srinivasan [15],
and Zosin and Khuller [19]. Unfortunately, it is truly cumbersome to apply linear pro-
grams to PSP. Instead, our algorithm for PSP mostly relies on the combinatorial ap-
proximation algorithm for Group Steiner Tree of Chekuri, Even, and Korsatz [7].

The Chekuri et. al. algorithm is obtained by modifying the Charikar et. al. algorithm
[6], and is applied after the graph metric has been replaced by a tree metric [1, 2,5, 9],
losing a factor ofO(log n) in approximation ratio. Thus we also assume the input is a
rooted tree.

Chekuri et. al. [7] preprocess the tree to decrease the depth and degree. This prepro-
cessing approximately preserves the cost of any solution, so we can apply it Polymatroid
Steiner Tree as well. Precisely, every set of leaves L(T') induces a subtreg; con-
sisting of the union of all paths from the root to the leavek.itf A andB are two trees
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with the same root and the same set of leaves, theRrmea o-faithful representation
of the treeA if
VL CL(A): ¢(AL) <c(Bp) < ac(Ap).

The preprocessing is stated in the following theorem of Chekuri et. al. [7]:

Theorem 2. Given a treel’ with n leaves and integer parametefisand 3 > 2, there
is a linear time algorithm to transfornT” into a O(«a)-faithful tree 77 with height
O(log, n + logg 5 n) and maximum degre@(3).

Thus, by losing a factor ab(alogn) (logn comes from embedding the original
metric in a tree metric), we can assume that the instance for Polymatroid Steiner Tree
is a tree with heighO(log,, n + log,, n) and maximum degre@(3).

For the reader familiar with the Chekuri et. al. paper [7], below you'll find the
correspondence between the notions used by this previous paper and our notions. Their
theorems and proofs “translate” to PST, some of them directly.

— w(T) —- ¢(T)
Lk

— T, (excluding the leaves already reached) X{the leaves already reached)
- Taug - TBEST(j)

— ZTGS —_ k]

~ (T) — dx(T)

— cover — U!_ Tprst(j)

- m(T) —rx,(T)

— m(cover) — rx X

— remove gropus covered [y, fromT7* — X1 «— X; U L(Tsrsr(j))

— coverp —- jn

Group-Steiner(T7°%, 27°°) — Topr(kj, v, X;)

The Modified-Group-Steiner algorithm of Chekuri et. al. [7], as generalized for
Polymatorid Steiner Tree for trees is described in Figure 2. The recursive procedure
M(k,v, X) uses an integer parameteas the basis for the geometric search. We use
T, to denote the subtree rootedvabndC,, the set of children ob. h(T') denotes the
height of a subtreg&”.

In the practical implementations, one can continue the while loop from Step 3 in-
stead of stopping in Step 3.4, returning the lowest density tree @gﬁTBEST(q)
and U/" ' Tgpsr(q), where j, is the value ofj at the first momenty (X;) >
k/(h(Ty,) + 1).

The proof of the following lemma can be directly generalized from the proof of
Lemma 3.3 of [7]. We omit details but notice that in the base case (leafs) a polymatroid
oracle call must be made, which is assumed to take gimé.

Lemma 3. Let A be the maximum degree of the tree énd A(1+ 1/A)(1 + \). The
running time ofM (k, v, X) is O((n + g(n))a™ ™)) wherea = b - h(T,,) - loghk - A -
log; 5 b.
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Input: Kk, v, X
Output: AtreeT = T'(k,v, X) rooted at with rx (T) > k, or () if no such tree exists

N rx (L(Ty)) < k, return().
. If vis aleaf, return the tree with no edges and vertexX sgt
. whilek; >0
3.1 Teesr(j) «— 0
3.2 for each vertex. € C,, and eachk’ power of(1 + \) in [
321 T «— MK, u, X;)U{(v,u)}
3.2.2if de (TBEST(j)) > de (T’) thenTBEST(j) =T
3.3 kj1 ki —7x;(TBest (§)): Xj+1 — X; U L(TrsT(4)):j «— j+1
3.4 If rx(X;) > k/(h(T,) + 1), then return! | Tepst(q)

WN PO

deg(v)(T+1/X)(A+X) > ™I

Fig. 2. Algorithm M (k, v, X).

The main lemma needed for establishing the approximation ratio is a generalization
of Lemma 3.4 of [7].

Lemma 4.
dx,(Tpest(§)) < (1+ XN TIN(T,)dx, (Topr(kj, v, X;))

Proof. In general, the proof follows [7]. We usg® = dx,(Toprr(k;,v,X;)). The
proof is by induction ork(T,), the height of the subtree rootedvaBoth the base case
h(T,) = 1 and the general case need the following argument.

Let ui, ug,. .., uq be the children ob in Topr(kj, v, X;), andT;, 1 < i < d, be
the subtree of o pr(k;, v, X;) rooted atu;. Thusrx, (UL, T;) > k;. We divide the

setl,2,...d into the setB giving “big” trees: those with rx, (T;) > Wﬁlm'
and the setS giving “small” trees: those with rx,(7;) < m. Then
rx; (UiesTi) <3 iesmx; (Th) < H’“ﬁ and, therefore,

ZTXJ (1) > rx; (ViesTi)
1€B
k,
Sk R
SR DI ES YOV
k;

>
T 1+
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By an averaging argument, there is a big tree (which we renuffifesuch that

cv,ur) +e(Th) _ Diep v wi) + o(Ti)
rx;(T1) N Yienrx,(Th)
syt
= (1+ )" (8)

Let z be the power of1 4 ) such that: < rx,(T1) < (1 + A)z and note that
is in the range of powers d@ft + ) considered in Line 3.2 of the algorithm. Therefore
M(z,u1,X;) is called.

In the base case, is a leaf, and therefore a candidate Tosps7(5) is the treel”

with only the edggv, u,), having densitylx, (") = f)((” (“Tll)) < (14 X\)y*. Thus the

base case of induction holds.

In the general case, l&t;, R», ..., R, be the trees picked @z rgr during the
execution ofM (z, uq, X;). LetQ, = U!_,R; and leth; = h(T,,,). Induction gives for
i€{1,2,...,p}

c(R;) 2h _ ) ) .

———————— < (1 + N hidx,;uq,_, (Topr(z — rx;(Qi—1),u1, X; UQ;i_1))
Tx;0Q; 1 (1)
C(Tl)

S(l“)%lhlirxw o)

)
where the second inequality follows from the fact thatuq, , (71) > z —rx; (Qi-1)
(which follows fromrx (T1) > = and the submodularity of), and, thereforéZ“l is a
candidate fofl o pr (2, u1, X; U Qi—1).

By the return condition of the algorithmy, (Qi—1) < h +1z and, therefore,

Tx;0Q (T1) = 7x,;(T1) — rx,;(Qi-1)
1

> 21— ——
2= 777)
T h+1

Together with Equation 9, we obtain:

c(Ry) 2hy (1)
oo (B) < (14 MN)"(hy +1) ;
2h1+1 o(Th)
< L+ N2 (hy + Vi (10)

sincez was chosen such that< rx, (71) < (1 + A)z. Thus,

- - ohy 41 o(Th)
D elRa) £ 3 (Ra) (4 AP Uy D

g=1



The Polymatroid Steiner Problems 11

But
TX; (Qp)

r

(X;UQp) —r(X;)
’I“(Xj U Qp) — T(Xj U prl) + ’I"(Xj U Qp,1> — .= T(Xj U Qo)

P
= Z TX;0Qq-1 (Rq)
q=1

and, therefore,
21 ¢(Rq) c(Th)
rXx; (Qp) rX; (Tl)

Note thatp was picked such thaty, (Q,) > }L11+1Z > (h1+1%(1+)\) rx,;(T1) and there-
fore

< (1 + )\)2h1+1(h1 + 1) (12)

c(v,uq) c(v,uq)
— = < (i + 1)1+ A 13
TXj(Qp) = ( 1 )( )TXJ-(TI) ( )

Combining the previous equation with Equation 12 we obtain
c(u,v) + 25—1 c(Ry) c(v,uy) + ¢(Th)
— < (1 + Nt (hy + 1) -2 14
Q) G 07 ) =
Using Equation 8 and the fact thaT,) > h(7y,) + 1 = hy + 1, we obtain
clu,v) + 3P . ¢(R

0+ 2o ela) ) | yynctonr, (15)

TX; (Qp)

Thus, the tred” returned byM (z, u1, X;), which is a candidate fafggs7(j) in the
execution ofdM (k, v, X), satisfiest, , (T") < (1 + A\)?"(TIn(T,)y*. =

Chekauri et. al. [7] choose (and we do the same¥ (logn)¢, 8 = logn, 1/\ =
logn). Assuming the oracle computation is polynomial time, the proof of Theorem 3.5
and Corollary 3.6 of [7] gives our corresponding statement:

Theorem 3. There is a combinatorial polynomial-tin®@( ¢ - 5o - (log n)' " log k)-

approximation algorithm for Polymatroid Steiner Tree on trees witiodes, wheré is
the desired rank. For general undirected graphs, there is a combinatorial polynomial-

timeO(¢ - risen - (log n)**¢ log k)-approximation algorithm

4 Conclusion

Motivated by applications in wireless sensor networks (when sensors can monitor only
a single target), we have introduced the Polymatroid (Directed and Undirected) Steiner
Tree Problems (PSP). These problems asks for a (directed) Steiner tree spanning a sub-
set of terminals of sufficiently large rank. The undirected version of PSP generalizes all
known versions of the Group Steiner Tree Problem and is shown to be solved by a gen-
eralization of the algorithm from [7] with the polylogarithmic approximation ratio. The
directed version of PSP is a generalization of the Directed Steiner Tree Problem as well
as Polymatroid Set Cover Problem. We show that this problem can be approximately
solved by methods generalizing [6].
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