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Abstract—Connected Dominating Sets (CDSs) can serve as virtual backbones for wireless networks. A smaller virtual backbone
incurs less maintenance overhead. Unfortunately, computing a minimum size CDS is NP-hard, and thus most researchers in this area
concentrate on how to construct smaller CDSs. However, people neglected other important metrics of network, such as diameter and
average hop distances between two communication parties. In this paper, we investigate the problem of constructing quality CDS in
terms of size, diameter, and Average Backbone Path Length (ABPL). We present two centralized algorithms having constant
performance ratios for its size and diameter of the constructed CDS. Especially, the size of CDS computed by the second algorithm is
no more than 6.906 times of its optimal solution. Furthermore, we give its distributed version, which not only can be implemented in real
situation easily but also considers energy to extend network lifetime. In our simulation, we show that in average the distributed
algorithm not only generates a CDS with smaller diameter and ABPL than related work but also suppresses its size well. We also show
that it is more energy efficient than others in prolonging network lifetime.

Index Terms—Wireless networks, connected dominating sets, distributed algorithms, energy efficiency.
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1 INTRODUCTION

WIRELESS networks such as ad hoc networks and sensor
networks consist of a number of wireless nodes. They

are easy to deploy to an application field and the cost is
relatively low by the continuing improvements in em-
bedded sensor, VLSI, and wireless radio technologies.
These benefits make wireless networks useful for a wide
range of applications in many areas, such as battlefield
surveillance, disaster rescue, environmental monitoring,
conferences, concert, traffic control, health applications, and
so forth [1], [2].

However, the shortcomings of wireless networks also
limit network performance. Wireless nodes have limited
energy, which greatly affect network lifetime. Nodes
possess a relatively short transmission range. Therefore, a
signal generated by a source can reach only the nodes that
are within the maximum transmission range of the source.
If two nodes are within the maximum transmission range of
each other, they can exchange messages directly. Otherwise,
the messages have to be relayed through other intermediate
nodes to reach their destinations. There is no predefined
physical backbone infrastructure for topology control in a

wireless network, which makes routing-related tasks more
complicated to be accomplished. This drawback motivates a
virtual backbone to be employed in a wireless network.
Conceptually, a virtual backbone is a set of nodes that can
help with routing. Any nonbackbone nodes can send a
message to another destination node through simply
forwarding the message directly to a neighboring backbone
node. Virtual backbone brings several benefits to network
routing and management. The routing path search space
can be reduced to the set of backbone nodes. The backbone
structure can efficiently support unicasting, multicasting,
and fault-tolerant routing. A network can react quickly to
topology changes [3]. Last, it can alleviate the collision
problem, which is very serious but unavoidable when
flooding-based routing protocols are employed [4].

In 1987, Ephremides et al. noticed that any of the
previous wireless network routing algorithm does not try to
employ a structure that is similar to the physical backbone
infrastructure of packet cellular networks and introduced
the idea of virtual backbone [3]. Guha and Kuller introduce
the first approximation algorithms to compute a minimum
size virtual backbone using a Connected Dominating Set
(CDS) in Unit Disk Graphs (UDGs), which becomes one of
the major approaches to construct a virtual backbone for a
given graph representing a wireless network [5]. A CDS in a
graph G is a subset C of all the nodes such that every node
in G is either in C or adjacent to a node in C. Fig. 1a shows a
sample CDS in a graph where all the black nodes form a
CDS and they are called the dominators. The nodes that are
adjacent to a dominator are called dominatees. The CDS can
serve as a virtual backbone for this network.

In order to measure the quality of a CDS, the size of the
CDS is the primary concern. Since each node in a wireless
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network shares its communication channel with its
neighbors, a smaller virtual backbone suffers less from
the interference problem. In addition, the smaller a CDS is,
the more efficiently it performs in routing and reducing the
number of control messages. It also makes the maintenance
of the virtual backbone easier. For this reason, most
research studies in this area focus on reducing the size of
a CDS [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16],
[17], [18], [19], [20], [21], [22], [23], [24]. The problem of
constructing a minimum CDS (MCDS) has already been
proven to be NP-hard [25].

However, there exist other important metrics that are
also needed to be taken into account. In this paper, in
addition to size, we consider diameter as a metric to evaluate
the constructed CDS. The diameter of a given connected
graph is the length of the longest shortest paths between a
pair of nodes in the graph. Mohammed et al. [13] pointed
out that in wireless networks, the probability of message
transmission failure often increases when a message is sent
through a longer path (i.e., more intermediate nodes). They
introduced the diameter of a CDS as a new quality factor for
CDS construction algorithms and stated that a CDS with a
smaller diameter is better.

We notice that the diameter only captures the worst case
path length of a CDS, neglecting its average path length.
Instead, the Average Backbone Path Length (ABPL) may be
another quality factor to evaluate a CDS. As shown in Fig. 1,
it is certainly possible to have another CDS with a shorter
ABPL while keeping its size and diameter length the same.
ABPL of a CDS C is the sum of the hop distance between
any pair of nodes x and y ðx; y 2 CÞ divided by the number
of all the possible pair of nodes. Diameter is therefore the
worst case of ABPL. In some sense, to build a CDS with a
small diameter is to build a CDS with a small ABPL. Since
there is no doubt that a CDS with a shorter ABPL is more
robust and consumes less overall energy to transmit a
message from a sender to a receiver, the importance of
ABPL cannot be overemphasized. We will discuss the
usefulness of ABPL in more details in Section 5.

The contributions of this paper are given as follows:

1. We present two new centralized CDS construction
algorithms, which have approximation ratios for
both CDS size and diameter for the first time in the
literature.

2. We design a distributed CDS construction algorithm,
CDS-BD-D, which can be easily implemented in

practice. We introduce a new evaluation metric for a
CDS, which is ABPL, and discuss its importance as
well as show that CDS-BD-D can generate a CDS with
a smaller ABPL and diameter compared with the
works in [17] and [19] while suppressing the size well.
It outperforms the others in terms of ABPL, diameter,
and CDS size especially for sparse networks.

3. All the proposed algorithms take into account node
energy in order to prolong network lifetime.

4. We derive the theoretical analysis of the algorithm in
[13] and point out a problem of the algorithm in [19]
and present a remedy for it.

The rest of this paper is organized as follows: In Section 2,
we introduce the related works. Section 3 presents the
notations and preliminaries of our work. In Section 4, we
present our CDS construction methods including two
centralized algorithms and one distributed algorithm. The
simulation results and analysis are shown in Section 5.
Finally, Section 6 concludes this paper.

2 RELATED WORK

The construction of CDSs in wireless networks has been
studied extensively. All the existing algorithms can be
divided into two categories: centralized algorithms and
decentralized algorithms. The centralized algorithms
usually yield smaller CDSs with better performance ratios
than decentralized algorithms.

Guha and Khuller [5] first introduced two centralized
two-stage greedy algorithms to compute the MCDS in a
general graph G, both of which are polynomial time
algorithms. The first one has the approximation ratio of
2ð1 þ Hð4ÞÞ, where 4 is the maximum degree of G and H is
a harmonic function. This algorithm intends to build up a
spanning tree T rooted at a node with the maximum degree
and T grows from only one node until all the nodes are
added into it. The nonleaf nodes in it form a CDS. In detail, all
the nodes in a given network are unmarked (white) initially.
Then, it scans a node (marked black) and add all its neighbors
not in T into T (marked gray). The node to be scanned is
decided based on the number of its white neighbors. The one
with the largest such number is marked black and its
neighbors are marked gray and added into T . The algorithm
stops when all the nodes in G are either black or gray. The
second algorithm is an improvement over the first one. This
algorithm consists of two phases. It finds a Dominating Set
(DS) in the first phase and connects the DS using a Steiner
tree algorithm in the second phase. With such an improve-
ment, the second algorithm has the performance ratio of
Hð4Þ þ 2. These algorithms later were implemented by Das
et al. [6], [11], [12]. Later, Ruan et al. proposed a one-stage
greedy algorithm with performance ratio of ðlnð4Þ þ 2Þ [15].
However, the centralized algorithms with ratio Oðlnð4ÞÞ
suffer from the following problems. First, they might work
quite badly depending on the given graph. Furthermore, in
wireless networks, it is not always possible to control all the
nodes directly from a central authority.

The decentralized algorithms can be further divided into
two categories: distributed algorithms and localized algo-
rithms. In both kinds of algorithms, the decision processes
are decentralized. While for the localized algorithms, the
distributed decision process has an extra requirement,
which is a constant number of communication rounds.
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Since in an undirected graph, a Maximal Independent Set
(MIS) is also a DS, most of the distributed algorithms find
an MIS and connect this set. The authors in [20], [21], and
[22] proposed a distributed algorithm for constructing CDSs
in UDGs, which consists of two phases and has the constant
approximation ratio of 8. It first constructs a spanning tree
and then examines each node in the tree to find an MIS and
it colors all the nodes in an MIS black. In the second phase,
more nodes are added (color blue) to connect the black
nodes. Later, Cardei et al. [16] presented another two-phase
distributed algorithm. This algorithm has the same perfor-
mance ratio as the previous one. However, the improve-
ment over [20] is the message complexity. The root does not
need to wait for the COMPLETE message from the furthest
nodes. Recently, Funke et al. [17] proposed another
distributed algorithm with a better approximation ratio,
which is 6.91. They construct a connected set S and an
independent set I, which is a subset of S, and classify nodes
using different colors. If a node is black, it is in I. If a node is
gray, it is in S and not in I. If a node is blue, it is in S and
adjacent to a node in I. If a node is red, it is neither black,
gray, nor blue, but a neighbor to a gray or blue node. If a
node is white, it is neither black nor gray nor blue, nor a
neighbor to a gray or blue node. This algorithm executes in
rounds. Each round consists of three phases, and in each
phase, they use a conflict-free time slot assignment so that
each node is able to transmit once. Basically, in a round,
each red node with the minimum ID among its red
neighbors joins I and its blue parent joins S. Then, the
colors of the relevant nodes are updated accordingly.
Intuitively, the black and gray nodes form a CDS.

Mostly, all the approximation ratios mentioned above
are concerned with CDS size. While for efficient routing, not
only a smaller CDS size is needed, but also extra
requirements like energy efficiency have to be considered.
In the literature, there are different ways to express this
requirement in the network model. Wu et al. [14] first
proposed a CDS construction algorithm having an energy
model and this idea was used in other works [18], [19].
Especially, Zeng et al. presented a distributed MCDS
algorithm using energy metric and showed that their
algorithm performs well with a simulation result, but they
did not give its theoretical analysis [19]. As we know, a CDS
with a smaller diameter makes the total energy consump-
tion much less than a CDS with a larger diameter and the
same size. Recently, Mohammed et al. pointed out that a
CDS with a longer diameter suffers more from the
propagation error and considered the diameter of a CDS
as an important quality factor to design a new centralized
MCDS algorithm. They showed that their generated CDS
has a smaller size and diameter through simulation results,
but they did not present the theoretical analysis [13].

There exist some works [7], [8], [9], [10] that focus on
constructing k-connected m-dominating sets for fault toler-
ance. Most of the works use a UDG as their network
models. However, in practice, nodes can adjust their
transmission ranges according to real applications. There-
fore, the transmission ranges of all nodes maybe different
and we cannot use a UDG as network models.

Some works consider constructing CDS for heteroge-
neous networks such as the one in [29], which considers the
issue of constructing an energy-efficient virtual network
using directional antennas. In directional antenna models,

the transmission/reception range is divided into several
sectors and one or more sectors can be switched on for
transmission. Thai et al. also addressed the problem of
constructing a CDS in a heterogeneous network and
presented two efficient approximation algorithms to obtain
an MCDS [24]. They model their network also as a disk
graph but with different transmission range.

3 NOTATIONS AND PRELIMINARIES

In this paper, we use an undirected graph G … ðV ; EÞ to
represent a wireless network, where V is the set of nodes in
the network and ðu; vÞ 2 E is a transmission link between
nodes u and v. That is, ðu; vÞ is in E if both the nodes
represented by u and v are within the transmission range of
the other, respectively. We assume that all the nodes are
homogeneous (i.e., they have the same transmission range),
which means G is a UDG [27]. Now, we present some
notations, terminologies, and definitions as follows:

3.1 Notations

. r: a root node.

. Nx: the degree of node x.

. ex: the energy level of node x (low, medium, or high).

. IDx: the unique identifier of node x.

. Wðex; Nx; IDxÞ: a weight function to evaluate the
importance of node x.

. Hopdistðx; yÞ: the hop distance from node x to y over
the shortest path between them.

. DiamðCÞ: the diameter of a CDS C, which is equal to
the maximum Hopdistðx; yÞ, where x, y 2 C.

3.2 Terminologies

. Two nodes x and y are siblings if they are adjacent
and Hopdistðr; xÞ … Hopdistðr; yÞ.

. A node x is a parent node of y and y is a child node
of x, if they are adjacent and Hopdistðr; xÞ þ 1 …
Hopdistðr; yÞ.

. A CDS node (black node) is a terminal node if it has
no child CDS node.

. A terminal node is an edge node if it has no sibling
CDS node.

Fig. 2 shows an example for these terminologies.
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Fig. 2. Nodes 3, 4, and 5 are terminal nodes. Node 3 is also an edge node.
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3.3 Definitions

. A DS of a graph G … ðV ; EÞ is a set of nodes V 0 such
that 8ðv; wÞ 2 E, v 2 V 0 or w 2 V 0. In many cases, an
MIS construction algorithm is used to find a DS.

. A CDS of G … ðV ; EÞ is a DS of G such that the
subgraph of G induced by the nodes in this set is
connected. We call the nodes in a CDS the
dominators and otherwise the dominatees. The size
of a CDS is equal to the number of the dominators.
The diameter of a CDS is the maximum distance
between any two nodes over their shortest path.

. Weight Function: Given two 3-tuple variables
ðei; Ni; IDiÞ and ðej; Nj; IDjÞ, the weight function
W : ðe; N; IDÞ 7! R satisfies Wðei; Ni; IDiÞ > W ðej;
Nj; IDjÞ if any of the following conditions is true:

� ei > ej,
� ei … ej and Ni > Nj, and
� ei … ej, Ni … Nj, and IDi > IDj.

4 THE CDS CONSTRUCTION ALGORITHMS

In this section, we introduce our new CDS construction
algorithms. The basic idea of all the proposed algorithms is
to build a BFS tree first, then find an MIS based on the BFS
tree and connect the MIS nodes to form a CDS. The first two
algorithms are centralized and the last one is the distributed
version of the second centralized algorithm.

4.1 Centralized Algorithm CDS-BD-C1
Algorithm 1 shows the details of the CDS-BD-C1 algorithm.
To obtain a CDS with a small diameter, we build a BFS tree
first, then form a CDS by connecting the root r to all the MIS
nodes in the BFS tree level by level. In this way, we know the
maximum number of nodes between an MIS node at level i
and its nearest MIS nodes at level i þ 1 and level i þ 2. Let
Vk … fy 2 V jHopdistðr; yÞ … kg. From lines 5 to 11, we
compute an MIS of G. The algorithm first finds an MIS Ik
of Gk for every even k, where Gk is the subgraph of G
induced by Vk. Then, some white nodes in G n f[8 even kIkg
are colored black so that the set of black nodes B in G forms
an MIS. From lines 13 to 23, some nodes are colored black so
that the set of black nodes C finally turns into a CDS of G.

Algorithm 1 CDS-BD-C1ðGðV ; EÞÞ
1: Choose a root r 2 V (i.e., using a leader selection

algorithm)
2: Compute the hop distance from r to each node (i.e.,

using breadth first search)
3: Let Vk … fy 2 V jHopdistðr; yÞ … kg and kmax be the

maximum k
4: For all even k, find an MIS Ik of Gk, the subgraph of G

induced by Vk
5: Let I …

S
even k Ik

6: Color every node in V white
7: Color every node in I black and all nodes adjacent to

the blackened ones gray
8: while a white node x 2 V exists do
9: Color x black and all of its white neighbors in gray

10: end while
11: Denote B as the set of black nodes in V
12: Let i� … dkmax=2e

13: for j … 1 to i� do
14: for every black node x 2 V2j \ B do
15: Suppose y is x’s parent node with the highest

Wðey; Ny; IDyÞ
16: Suppose z is y’s parent node with the highest

Wðez; Nz; IDzÞ
17: Color y and z black
18: end for
19: for every black node x 2 V2j�1 \ B do
20: If x has no black parent node, then color its parent

node y with the highest Wðey; Ny; IDyÞ black
21: end for
22: end for
23: Add all the black nodes into C
24: return C

Theorem 4.1. B is an MIS.

Proof. Let S be the set of black nodes obtained from lines 8
to 10. Note that I and S are independent sets. Then,
B … I [ S and there is no white node in V . Now, we have
to show that all the nodes in B are independent. Suppose
there exist two nodes u 2 S and v 2 I and u, v are
adjacent. Since v is colored black first and u is adjacent to
v, u must be colored gray by v at line 7. Therefore, v
cannot be a black node and all pairs of node in B are not
adjacent. Therefore, B is an MIS. tu

Theorem 4.2. C is a CDS.

Proof. After line 10 in Algorithm 1, all the nodes should be
black or gray, and all the black nodes (set B) form a DS.
Now, we need to show that C (formed by adding more
black nodes to B) is connected. Recall that if one graph is
connected, then every node except the root r has a path
to the root node. Therefore, in order to show C is
connected, we now prove by induction that there exists a
path between every black node x 2 V n r and the root r.

Let x be a black node in V2i. When i … 1, from lines 14
to 18, we know that x is connected to r since r is the only
parent node of any of x’s parent node. Assume for i … k,
all the black nodes are connected to r. For a black node
x 2 V2ðkþ1Þ, we color y 2 V2kþ1 and z 2 V2k black. Then, z
is in C or one of its neighbors is in C. Therefore, for all i,
a black node x 2 V2i is connected to r.

Furthermore, from lines 19 to 21, any isolated black
node x 2 V2i�1 for all i is connected to r, since we color
the parent node y 2 V2i�2 of x black and either y has to
be a black node or y’s neighbor is a black node, which
is connected to r. Therefore, the set of black nodes C is
a CDS. tu

Theorem 4.3. Every black node in Vk is away from root r within
a distance of at most Tk, where

Ti …
3
2 i � 1

2 ; i 2 ð1; 3; 5; . . .Þ;
3
2 i � 1; i 2 ð2; 4; 6; . . .Þ:

(

Proof. Let Di be the distance within which a black node in
Vi is away from root r. According to Algorithm 1, if k
is an even number, from lines 14 to 18 the maximum
number of introduced black nodes is 2, which are y
and z. Therefore, the distance between a node at level k
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to a node at level k � 2 is at most 3, i.e., Dk � Dk�2 þ 3.
We have

D2 … 2
D4 � D2 þ 3

..

.

Dk � Dk�2 þ 3:

By solving these inequalities, we derive Dk � 3ðk
2 � 1Þ þ

D2 … 3
2 k � 1. From lines 19 to 21, if k is an odd number,

we only need to add one node in level k � 1. Therefore,
Dk � Dk�1 þ 2 … 3

2 k � 1
2 . Since Ti is the maximum Di, the

theorem is true. tu

Theorem 4.4. Let C be the CDS obtained from the CDS-BD-C1
algorithm. Then, jCj � 10:359opt þ 22:879, where opt is the
size of any optimal CDS of G, and DiamðCÞ � 3Dopt þ 5,
where Dopt is the diameter of any optimal CDS of G.

Proof. Let p denote the longest shortest path from a node u
to a node v in the original graph G. According to the
definition of diameter, the length of path p is equal to
the diameter of this graph G (denoted as D). Since we
build a BFS tree first, it is obvious that D � kmax. There
also exists a path p0 between u and v, which only
includes nodes in C except u and v. Herein, the length
of path p0 is no less than the diameter of graph G. If u
and v are dominatees, the diameter of the subgraph
induced by C should be no less than jp0j � 2. Therefore,
Dopt � jp0j � 2 � D � 2 � kmax � 2.

From [17], the size of an MIS of G is jBj �
3:453opt þ 8:291. All nodes in I are connected together
by adding at most 2ðjIj � 1Þ additional nodes. Hence,
jCj � 3jBj � 2 … 10:359opt þ 22:879. As shown above,
kmax � 2 � Dopt. According to Theorem 4.3, the maximum
distance from any edge node to r is 3

2 kmax � 1
2 and, thus,

DiamðCÞ � 2
3
2

kmax �
1
2

� �
… 3kmax � 1 … 3ðkmax � 2Þ þ 5

� 3Dopt þ 5:
ut

4.2 Centralized Algorithm CDS-BD-C2
CDS-BD-C2 computes an MIS first and connects the MIS
nodes by constructing a spanning tree like Wan et al.’s work
[20]. In addition, CDS-BD-C2 manipulates the hop distance
information from a root to each node such that an MIS node
in level i þ 1 is connected to another MIS node in level i by
adding at most one node in level i. As a result, CDS-BD-C2
has a smaller performance ratio for size and a larger one for
diameter than CDS-BD-C1. More detailed description about
this difference can be found by comparing the proofs of
Theorems 4.3 and 4.6.

Algorithm 2 CDS-BD-C2ðGðV ; EÞÞ
1: Choose r 2 V (i.e., using a leader selection algorithm)
2: Compute the hop distance from r to each node
3: Let Vk … fy 2 V jHopdistðr; yÞ … kg and kmax be the

maximum k
4: Color every node in V white
5: for i … 0 to kmax do

6: while a white node in Vi exists do
7: Let x 2 Vi be the white node with the highest

Wðex; Nx; IDxÞ
8: Color x black and x’s white neighbors in gray
9: end while

10: end for
11: for i … 1 to kmax do . Connecting B to a CDS C
12: for every black node x 2 Vi do
13: if x has no black neighbor in Vi�1 then
14: Color y 2 Vi�1 black, which is the neighbor of x

with the highest W ðey; Ny; IDyÞ
15: end if
16: if x has neither sibling nor child node then .

Remove useless CDS nodes
17: Color x gray
18: end if
19: end for
20: end for
21: Add all black nodes into C
22: return C

Theorem 4.5. C is a CDS.

Proof. The proof of this theorem is similar to that of
Theorem 4.2 and our goal is to show by induction that
any black node is connected to r. Suppose x 2 Vi is a black
node. When i … 1, it is connected to r, which is the only
parent black node of x. Now, assume that for all i � k,
any black node in Vi is connected to r. Then, from lines 13
to 15, a black node x 2 Vkþ1 has a black adjacent node
y 2 Vk. Since either y or y’s sibling z 2 Vk is a black node,
which is already connected to r, x must be connected to r.
Therefore, the set of black nodes C is a CDS. tu

Theorem 4.6. Every black node in Vk is away from root r within
a distance of at most Tk, where

Ti … i 0 < i � 2;
2i � 2 i > 2:

�

Proof. Let Di be the maximum distance within which a
black node in Vi is away from root r. The root r will be a
black node. All the nodes in V1 are gray. So D1 … 1 and
D2 … 2. According to Algorithm 2, every gray node in
Vk�1 must have a neighbor in Vk�1 or Vk�2. When we color
a gray node y in Vk�1 to connect a black node in Vk, the
maximum distance would be Dk�1 þ 2. Therefore,

D1 … 1

D2 … 2

D3 � D2 þ 2

..

.

Dk � Dk�1 þ 2:
ut

Theorem 4.7. Let C be the CDS obtained from the CDS-BD-C2
algorithm. Then, jCj � 6:906opt þ 15:582, where opt is the
size of any optimal CDS of G, and DiamðCÞ � 4Dopt þ 6,
where Dopt is the diameter of any optimal CDS of G.
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Proof. Let jBj be the size of an MIS of G. Then, from [17],
jBj � 3:453opt þ 8:291. From lines 12 to 18, to connect a
black node in Vi to a black node Vi�1, we add at most
one black node. Therefore, jCj � jBj þ jBj � 1 … 2jBj �
1 � 6:906opt þ 15:582. In the CDS-BD-C2 algorithm,
kmax � 2 � Dopt. Also, according to Theorem 4.6, the
maximum distance from an edge node to root r is
2kmax � 2 and, thus,

DiamðCÞ � 2ð2kmax � 2Þ … 4kmax � 4 … 4ðkmax � 2Þ þ 4

� 4Dopt þ 4:
ut

4.3 Distributed Algorithm CDS-BD-D
We first introduce several new terms and definitions. Color
Notification Message (CNM), which can be either WHITE,
BLUE, or BLACK, is transmitted when a node wants to
advertise its state (color) to its neighbors. We call a node x
as an outstanding node 1) if it has received CNMs from all of
its parents and 2) it has the highest Wðex; Nx; IDxÞ among
its siblings, who have not decided their status yet.

Algorithm 3 is the distributed version of Algorithm 2.
After each node learns the hop distance from itself to r, each
node decides whether it can be an MIS node (black node)
based on the information about its neighbors. A black node
sends a CONNECT message to one of its white parents in
the shortest path tree rooted at r after it learns that it has no
blue parent and thus cannot be connected to any black node
in the upper level. The parent that receives the CONNECT
message turns into blue and broadcasts a BLUE message. At
the end, the set of blue and black nodes forms a CDS.

Algorithm 3 CDS-BD-DðGðV ; EÞÞ
1: Phase 1

. Choose r 2 V (i.e., using a leader selection algorithm)

. Each node learns its distance from r (i.e., using the
distributed BFS tree algorithm)

2: Phase 2
. Each node x exchanges its information such as

ðIDx; Nx; Hopdistðr; xÞ; exÞ with its neighbors
. r colors itself black and broadcasts a BLACK CNM

with IDr
. An outstanding node x colors itself white and

broadcasts a WHITE message if it receives at least one
BLACK CNM from any of its parents or siblings. If x
finds that both all parents and all siblings with more
weight than x are nonblack (white or blue), then x
colors itself black and check if it has a blue parent. If
not, x sends a CONNECT message to one of its white
parent node y with the highest Wðey; Ny; IDyÞ.

. When y receives a CONNECT message from its
children, it becomes a blue node and broadcasts a
BLUE message.

. Once a node broadcasts a WHITE, BLUE, or BLACK
message, its status is decided. A black or blue node
with status decided never changes its color again.
Only a white node with status decided can change its
color from white to blue when it receives a
CONNECT message from its child nodes. At the end
of this phase, the set of blue and black nodes is a CDS.

Theorem 4.8. The time complexity of algorithm CDS-BD-D
is OðjV j1:6 þ DiamÞ and the message complexity is
OðjEj þ jV j1:6 þ �jV jÞ, where Diam is the diameter of
network G and � is the maximum node degree of G.

Proof. According to [30], the time and message complex-
ities in phase 1 are OðjV j1:6Þ and OðjEj þ jV j1:6Þ,
respectively. In phase 2, in order to decide its status,
a leaf node in the BFS needs OðDiamÞ time and Oð�Þ
messages, resulting the time and message complexities
of phase 2 to be OðDiamÞ and Oð�jV jÞ. Therefore, The
time complexity of CDS-BD-D is OðjV j1:6 þ DiamÞ and
its message complexity is OðjEj þ jV j1:6 þ �jV jÞ. tu

5 SIMULATIONS AND ANALYSIS

Recently, Funke et al. [17] introduced a distributed CDS
construction algorithm with the best performance ratio.
Zeng et al. [19] showed that their distributed CDS
construction algorithm is better than Wu and Li’s algorithm
[23] and the algorithm in [20] in terms of CDS size and
network lifetime. We compared our distributed algorithm
CDS-BD-D with the algorithms in [17] and [19]. Since we
found that a deadlock may occur in the algorithm in [19] for
some instances, we fixed this problem. In this section, we
also explain how this can happen through an example.
Mohammed et al.’s work [13] gave an inspiration to our
work and it is the only algorithm concerning the diameter
of a CDS. However, they did not give the approximation
ratio analysis of their algorithm. In this paper, we show that
the ratio in [13] is Oð4Þ rather than a constant, where 4 is
the maximum degree of a given graph. Therefore, we are
not going to compare [13] with ours in the simulation.

5.1 The Problem in [19] and Its Remedy
Fig. 3 presents an example that shows the problem of the
work in [19]. In this example, we assume that it takes one
unit time to process a received message, generate a new
one, and transmit it, but the propagation delay of a message
between two adjacent nodes is negligible. Also, we assume
that messages in this system will be delivered in the order
as Zeng et al. assumed. Now, we describe step by step what
the problem is:

1. Assume at time x, the MIS computation phase is
finished and we have the graph as shown in Fig. 3a,
where node 1 is the root.

2. At time x þ 1, the root node 1 declares itself as a
blue node and sends a BLUE message to node 2
and node 3.

3. At time x þ 2, node 2 and node 3 receive the
BLUE message from node 1 and change their
states to G-Transition. Also, they broadcast
UPDATE messages.

4. At time x þ 3, nodes 1, 4, and 5 receive the UPDATE
messages from nodes 2 and 3. Nodes 1 and 5 ignore
them, but node 4, which is black, changes its state to
B-Transition. Also, node 4 sets a time-out. Then, the
situation is as shown in Fig. 3b.

5. The system incurs no more messages until the time-
out occurs at node 4. Therefore, the length of the
time-out is not important and we assume that at time
x þ 4, the time-out happens. Then, node 4 sends an
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INVITE message to node 2 and changes its color
back to black.

6. At time x þ 5, node 2 receives the INVITE message
from node 4 and becomes a blue node. Also, it
broadcasts a BLUE message to its neighbors. Now,
we have the situation as shown in Fig. 3c.

7. At time x þ 6, the BLUE message from node 2 is
received by nodes 1, 4, 5, and 6. Node 1 ignores
this since it is already a blue node. Node 4 colors
itself blue and broadcasts a BLUE message to
others. Nodes 5 and 6 change their state from
GRAY to G-Transition as shown in Fig. 3d and
broadcast UPDATE messages.

8. At time x þ 7, the BLUE message from node 4
changes the state of nodes 5 and 6 from G-Transition
to GRAY. On the other hand, the UPDATE messages
from nodes 5 and 6 are ignored by other nodes
except node 7, which changes its state from BLACK
to B-Transition and sets a time-out as shown in
Fig. 3e.

9. At time x þ 8, the time-out occurs and node 7
returns back to black and sends an INVITE message
to node 7.

10. At time x þ 9, node 6 receives the INVITE message
from node 8, but it ignores the message since it is a
gray node. The current situation is shown in Fig. 3f.

At this moment, there is neither messages on transmis-
sion nor a time-out that triggers an event, and the system
is stale. Now, the algorithm falls into a deadlock since this
situation does not satisfy the completion condition of the
algorithm. In our simulation, we fixed this problem by
allowing a gray node to accept an INVITE message and
color itself blue.

5.2 Theoretical Analysis of the Algorithm in [13]
The algorithm in [13] begins by coloring a node with the
maximum degree in a given graph G … ðV ; EÞ in black and
its neighbors in gray. From now, we call this algorithm A.
Each time, A colors the gray node with the maximum
degree (i.e., number of adjacent white nodes at the next
level) at the current level in black and its adjacent white
nodes at the next level in gray. A repeats those two steps for
all the nodes at the current level. Then, A processes the next
level if it exists.

Now, we describe a polynomial time function B, which
transforms G into a bipartite graph B (Fig. 4). B selects a
node with the maximum degree in G as a root r and
starts from it. For each node x at level k (i.e.,
Hopdistðr; xÞ … k) with at least one adjacent node x0 at
level k þ 1, B puts x on the left side of B and all its
neighbors x0 on the right side of B and connects x with
each x0 in B. Each time all the nodes at level k in G are
completely processed, B changes the notation of the newly
inserted nodes in B. We introduce another polynomial
time transformation function C such that C makes a set Xi

of a node xi on the left side of B and all its neighbors x0
i

on the right side of B.
Let X … [8iXi. Then, A over G is a greedy algorithm

to find a minimum set cover over X, which repeats the
following actions: each time a maximum size subset Xi is
selected and removed from X and any subset Xj, which
contains an element e of Xi, removes e from itself. The
algorithm continues while there is a nonempty subset.
Then, the performance ratio of this greedy algorithm is
Oðlnð4ÞÞ, where 4 is the size of maximum Xi in the
initial X [26]. Since 4 … � � 1, where � is the maximum
degree of G, the approximation ratio of A is Oðlnð�ÞÞ.
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Fig. 4. This example shows how (a) a UDG can be transformed
into (b) a bipartite graph and (c) a set cover problem instance.

Fig. 3. This example shows the problem in [19].
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